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Abstract
Students bring their logical reasoning and previous knowledge to the study of physics. Previous
studies have examined types and levels of students’ reasoning as applied to answering
conceptual physics questions. This study compared the van Hiele theory of levels of logic in
two different disciplines: school geometry and conceptual physics. Two research approaches
were employed: quantitative and qualitative analysis. In a quantitative approach, the van Hiele
geometry test’s correlation to gains in conceptual physics understanding, as measured by the
Force Concept Inventory (FCI), was compared to Lawson’s Classroom Test of Scientific
Reasoning (CTSR), SAT, ACT, and a general algebra facility test’s correlation to those gains.
Though the tests all had roughly the same correlation with the FCI normalized gain, the
hierarchical structure of the van Hiele test gave a different perspective on cognitive resource use
and conceptual gains. An additional insight from the quantitative analysis revealed that previous
physics instruction in high school, or lack of such instruction, had no effect on the gain in
conceptual understanding of physics.
In a qualitative approach, student responses were compared, in the context of the
resources framework, for questions from the van Hiele geometry test and the Force Concept
Inventory. At each of the levels, student verbal explanations in interviews showed comparable
logical reasoning in evaluating each recalled bit of knowledge applicable to a question in either
discipline. Inconsistent activation occurred in both contexts and aligned with previous studies in
physics education research.
v

The results of the quantitative and qualitative approaches complement each other and
support the idea of geometric logic being applicable to physics. Our synthesis of van Hiele logic
levels and the resource framework leads us to go beyond the binary classification of process
resources in dual-processing theory. The results suggest that instructional models used in
guiding students to improved van Hiele levels of reasoning could be explored to aid in improving
instruction of conceptual physics. An example with Newton’ Third Law is included.

vi

Chapter 1:
Geometric Preparedness Informs FCI Gains: Comparison of Conceptual Physics Gains
in the Force Concept Inventory to van Hiele Levels and Lawson’s Classroom
Test of Scientific Reasoning
A student’s ability to learn how to apply physics in any given situation depends, among other
things, on the level of logic and reasoning which she brings to the study of conceptual physics
principles (Coletta and Phillips 2005, Coletta and Phillips 2015, Coletta , Phillips and Steinert
2007, Malone 2008, Sabella and Redish 2007, Fabby and Koenig 2015). These studies gauged
reasoning ability with various instruments, including Lawson’s Classroom Test of Scientific
Reasoning (CTSR)(Lawson 2000), and measured gains in conceptual understanding of physics
with the Force Concept Inventory (FCI) (Hestenes, Wells and Swackhammer 1992). A number
of studies have compared conceptual understanding of physics to mathematical ability and logic
(Blumenthal 1961, Cohen, Hillman and Agne 1978, Hudson and McIntire 1977, Hudson and
Rottmann 1981, Linder and Hudson 1989, Champagne, Klopfer and Anderson 1980, Champagne
and Klopfer 1982, Hudson and Liberman 1982, Griffith 1985, Halloun and Hestenes 1985,
McCammon, Golden and Wuensch 1988, Kim and Park 2002, Meltzer 2002, Hull, Kuo, Gupta
and Elby 2013). These studies focused on general mathematical ability. None of these have
focused on students’ preparedness to engage in school-level geometric logic as treated in the van
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Hiele geometry scale. This study finds that gains in conceptual mechanics, as measured by the
FCI, correlate with students’ van Hiele logic levels as well as with their scores on the CTSR.
To explore a possible connection, this study examined if students’ geometric logic skills
allow them to learn more in physics class. To that end we asked how would students’ prior
geometric preparedness correlate to gain in force and motion conceptual understanding after
instruction? A second question centered on how this correlation would compare to correlations
between other prior skills and gains in physics understanding.
The paper comprises five main sections: theoretical framework and test instruments used
to gather data, methodology, data and analysis, discussion, and conclusion. The methodology
section covers the quantitative measures of the study with details of the sample of students for
each aspect of the study. The data and analysis section presents the statistical data obtained,
indicating points of interest. The fourth section has discussion of results. The final section
summarizes the findings and suggests teaching applications and areas of future study.
Theoretical Framework and Instruments
In the constructionist viewpoint, students’ conceptual understanding and logical thinking
develops from smaller, simpler structures (DiSessa 1993). In alignment with this understanding,
the resources framework posits that the manner in which these smaller structures connect, add
new connections, and alter connections changes with the students’ deepening understanding
(Redish 2013).
Cognitive research has aided the creation of various models for assessing the
development of students’ reasoning skills in science and mathematics. In accord with these
models, testing instruments, honed for validity and reliability, have helped create a basis for a
2

quantitative comparison of students’ levels of reasoning and logic. Two such instruments are the
van Hiele Geometry test (van Hiele) and Lawson’s Classroom Test of Scientific Reasoning
(CTSR) (Teppo 1991, Bao, Ziao, Koenig and Han 2018). Both tests are derived from models
that posit stages of reasoning logic at increased levels of abstraction, or generalization.
Van Hiele Geometry Test
In the 1950’s the van Hieles (van Hiele-Geldof and van Hiele 1958)developed a ranking
assessment for student preparedness to succeed with school geometric problems. Each level
supposed a commensurate gain of cognitive thinking and geometric vocabulary. The van Hiele
classification continues to be used widely in school geometry education research to this day.
Senk (1989) found that “Van Hiele levels are not tied to age or maturity, but instruction … [they
are] sequential and hierarchical.” Burger and Shaughnessy (1986) raised some questions as to
the hierarchical nature of the van Hiele levels. Due to conflicting evidence cited by those coding
the interviews in their study, they suggested that the levels were not static, but dynamic, and that
students could be in transition between levels depending on context. At the college level, some
students had regressed in their understanding of school geometry. In the resources framework,
such regression would come from lack of continued reinforcement of the neural connections
cueing those particular resources (Tuminaro and Redish 2007).
The van Hiele model described five distinct levels of thinking concerning the ability to
correctly do school geometry: visualization, analysis, abstraction, deduction, and rigor (van
Hiele-Geldof and van Hiele 1958). Each successive level required a greater level of abstraction
from the surface features of the problem. Level 1 demonstrates simple visual recognition of
shapes with no referral to properties. Those students attaining at least level 2 (analysis) could do
3

simple reasoning (Burger and Shaughnessy 1986). Van Hiele believed that mastery of level 3
was necessary for a student to be able to follow the connection between a statement and its
justification in simple geometric proofs. The ability of students at level 3, according to van
Hiele, to tie together several pieces of information correctly in an informal argument will prove
key to their greater gains, with instruction, on the FCI. At level 4, students could articulate
necessary and sufficient conditions and prove theorems. Level 5 requires students being able to
accept different axioms and work with different geometries.
The van Hiele model of levels was created to aid in the teaching of geometry (Fuys,
Giddes and Tischler 1988), but was later expanded to cover other disciplines (van Hiele 1986).
Usiskin (Usiskin 1982) and the CDASSG project created a multiple-choice instrument based on
those levels. Each of the five levels consists of five questions, and a score of at least four correct
answers out of the five questions on a level shows mastery of that level. A score of three out of
five indicates possible mastery. This instrument has continued to be used successfully in
diagnosing student preparedness for geometry and other mathematics courses (Teppo 1991,
Abdullah and Zakaria 2013, van Onderwijs 2015, Haviger and Vokulkova 2015).
A student who demonstrates mastery on one van-Hiele level (four or five out of five
correct) while not showing mastery at a lower level is said to skip a level. Haviger and
Vojkulkova (2014) consider a skip ratio, the fraction of skips among all students in a sample, of
less than 10% as evidence of stronger hierarchy. This study had a skip-ratio of 17%, indicating a
less strong hierarchy.
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Lawson’s Classroom Test of Scientific Reasoning
We considered a second measure of students’ application of logic, one focused not on geometry
but on the scientific method. Lawson based his theoretical model of scientific reasoning, which
led to his creation of the CTSR, on neural and cognitive research (Lawson 1978). He argued that
“scientific reasoning consisted of an overall pattern of reasoning, which can be characterized as
hypothetico-deductive.” Lawson separated knowledge into declarative (facts) and procedural
(how to) parts. He stated that students know when and where they gained declarative
knowledge, but that with procedural knowledge “we may not be conscious that we have it or
precisely when or how it was acquired.” Procedural knowledge rested in “neural networks, once
acquired, that are hierarchical in nature.” This characterization of procedural knowledge agrees
with the definitions in the resources framework (Redish 2013) and the van Hiele Theory (van
Hiele 1986). Lawson states that the multiple-choice responses to the twelve sets of paired
questions in his test fit within the hierarchical grouping terms of preoperational, concrete, formal,
and post-formal found in Piaget. Lawson’s CTSR model collapses these to three levels:
concrete; transitional; and formal. Correct responses were designed to require formal process
thinking. Choosing a distractor answer on a problem indicates a lower level of reasoning.
Norman (1997) examined Lawson’s model in terms of its applicability across content and in
various contexts and generally supports the theory’s assumptions. Bao, Xiao, Koenig and Han
(2018) questioned the reliability of five of the twelve paired questions, but found the test to give
an overall reliable instrument to measure scientific reasoning.
Similar to the manner in which the van Hiele levels posit increasing abstraction from
concrete examples (visualization) to theoretical constructs (rigor), Lawson (2004) also asserted a
hierarchical, or stage-like, nature of increased scientific reasoning. The pre-operational level
5

deals with language identification of base classes (i.e. chairs, tables). These bases classes come
from generalizations created from multiple individual examples. Concrete operations build on
pre-operational classes and create higher order classes/categories. The individual categories of
chairs and tables can reside now under the higher-order category of furniture. At the formal
operation level, categories no longer come from descriptive examples but focus on causal
relationships. Lawson cites an example of seeking what causes a pendulum’s period to vary.
Post-formal reasoning is more difficult than formal reasoning. In post-formal reasoning, the
proposed invisible cause and the visible independent variable are not the same. Lawson states
that “a warrant, or theoretical rationale, is needed to link the two (Lawson 2004).”
The focus for the test is scientific reasoning in the areas of proportional thinking,
probabilistic thinking, correlational thinking, and hypothetico-deductive reasoning (Lawson
2004). It consists of 24 multiple-choice questions in which the first 22 questions are paired, and
the last two (23 and 24) are separate. The paired questions first ask for an answer and then a
reason for that answer. The following captures the spirit of the matched pairs on CTSR.
An example of such a paired question can easily be shown. Two bowls float in a large
tub of water. One bowl has a pound of feathers placed in it and the other bowl has a pound of
lead placed in it. Both continue to float. The first question: does one bowl sit lower in the water,
and if so, which one, or are they the same? The second question: what reason justifies your
answer to the first question?
With these pairs, one point is awarded only if both choices are correct. The maximum
score is 13 points. The validity of the test has been established by several studies (Norman 1997,
Bao, Xiao, Koenig and Han 2018). This study uses the revised 2000 version (Lawson 2000).
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Force Concept Inventory
The FCI is a well accepted instrument for assessing students’ understanding of basic Newtonian
mechanics (Hestenes, Wells and Swackhammer 1992). Used primarily at the university level,
the FCI has been employed also at the high school level (Hake 1998). Its thirty problems are
specifically structured to reveal general misunderstandings associated with Newton’s Three
Laws of Motion on a conceptual level. The FCI, after undergoing critical review in earlier years,
has continued to be widely accepted and used (Hake 1998) in physics education research while
also undergoing continual examination for validity and improvement as well as critical reexamination (Henderson 2002, Plainic, Ivanjek and Susac 2010, Wallace and Bailey 2010,
Persson 2015). This study used the 1995 version (Hestenes, Wells and Swackhammer 1992).
Algebra Test
We also tested students on algebra to see if we could distinguish the effect of general
mathematical ability from those of the tests of geometric and scientific logic. The Algebra
Pretest was originally developed to assess students’ mathematical preparation for chemistry
(Cooper and Pearson 2012). That use of the test was as a predictor, along with GPA and ACT
score, for achieving at C+ or better in a chemistry class. Subsequent class grades indicated
agreement with predictions, with the algebra test score being validated as the strongest predictor.
Twenty five minutes were allowed for this test.
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Methodology

Sample
The sample set consisted of students from algebra-based, introductory physics classes at the
University of South Florida. These students attended two different terms, spring and fall, during
the same calendar year (2018). Students from every lab section and from every lecture section
were included. After student transfers and drops, a total of 1120 participants, out of an ending
enrollment of 1182 students, were included in both the initial and final assessments out of a total
final enrollment of 1210. All student sections had the same curriculum and lab assignments.
There were six different lecture sections, all using traditional lecture presentation.
Testing Protocol
During the spring term at the first lab session, the FCI was administered to obtain pre-instruction
levels of conceptual understanding. At that same lab session, either the CTSR or the algebra test
was administered. At the final lab session of the term, the post-instruction FCI was given along
with the van Hiele test. The CTSR was given in the first lab session due to concerns that two
questions on it would be covered in physics instruction, leading to skewed results. All tests were
given with a 25 minute test window, but most students finished sooner.
During the fall term at the first lab session, the van Hiele test was given along with the
initial assessment using the Force Concept Inventory (FCI). At the last lab meeting, the FCI was
again administered to determine normalized gain, <g>. At that final lab session either the
algebra assessment or the CTSR was administered. Here the order of the CTSR/algebra tests and
van Hiele test were reversed to see if evidence would appear supporting the initial concern about
8

an instruction effect on CTSR scores. All tests were given with a 25 minute test window, but
most students finished sooner. Each lab section had between 18 and 22 students.
Data and Analysis
To check for uniformity of sample between the spring group and the fall group, we calculated the
mean values between the two groups for both the initial FCI score and the normalized gain.
These results are shown in Table 1.1. For any difference in mean scores, the effect size was
calculated. Between spring and fall terms, the effect size for the initial FCI scores was 0.045 and
for the normalized gains was 0.023. With the information shown in Table 1.1, enough evidence
exists between the large p-values and small effect size to treat the spring and fall data as a
combined sample representing a single population.
Comparison of mean scores
Table 1.1 Mean Scores.

Spring
Fall
Number (n)
542
578
6.9594
7.1193
Initial FCI mean score
standard dev.
3.3889
3.6679
score
standard err.
0.1456
0.1526
p-value
0.4482
effect size
0.045
0.1294
0.1253
Normalized mean gain
standard dev.
0.1729
0.1880
gain
standard err.
0.00743
0.00782
p-value
0.7035
effect size
0.023
The overlap of the means, within their standard
errors, of the initial FCI scores and normalized gains
suggests, along with the large p-values, that the
spring and fall samples come from the same
population.

9

Comparison of mean gains
Since the algebra and CTSR test were given to different subsets of the sample group for each
term, the mean normalized gains on the FCI of the algebra and CTSR groups, as well as the
combined sample, were compared. Table 1.2 shows FCI gains for these groups. As with the raw
FCI scores, large p values and small effect sizes between groups justify pooling the data. Only
the Spring CTSR subgroup’s mean gain appears to differ from the Fall CTSR subgroup’s mean
gain. The large p value (0.47) between the two subgroup’s mean values and the overlap from the
accompanying standard error bars suggests that any difference is not significant.
Table 1.2. Mean gains on the FCI.
Spring
Fall
Full Year
mean gain 0.1190
0.1205
0.1198
Algebra
stand. dev. 0.1797
0.1806
0.1800
subgroup
stand. err.
0.0109
0.0107
0.00761
p-value
0.9189
effect size
0.0083
n
274
285
559
mean gain 0.1407
0.1295
0.1348
CTSR
stand. dev. 0.1659
0.1954
0.1819
subgroup
stand. err.
0.0102
0.0114
0.0077
p-value
0.4680
effect size
0.0614
n
265
292
557
mean gain 0.1294
0.1252
0.1272
Total
sd
0.1729
0.1880
0.1808
sample
se
0.0074
0.0078
0.0054
p-value
0.8624
effect size
0.0232
n
542
578
1120
The normalized gains on the FCI for the different subsections of the
samples from the spring and fall terms along with the standard
deviations, standard errors, p-values between spring and fall, and the
number of data points. The only visible difference exists between the
spring CTSR-group FCI gain and the others. This difference is not
statistically significant. Four students completed neither the algebra test
nor the CTSR, leading to the difference in total n.
10

Correlation of variables
Table 1.3 displays correlations of testing variables. Van Hiele, CTSR, algebra, and admissions
tests (total scores) showed comparable and statistically significant correlations to FCI gain.

Table 1.3 Correlation values
FCI
van
CTSR Algebra
SAT
ACT
GAIN
Hiele
Total
Total
Total
Total
Total
GAIN
1.000
0.2665 0.3184 0.2623 0.2997 0.2779
<.0001 <.0001 <.0001 <.0001 <.0001
1120
557
560
624
623
0.2665 1.000
0.4544 0.4483 0.5144 0.5701
van
<0.000
<.0001 <.0001 <.0001 <.0001
Hiele
1
557
560
624
623
Total
1120
CTSR
0.3184 0.4544 1.000
NA
0.5222 0.5336
Total
<0.000 <.0001
<.0001 <.0001
1
557
306
318
557
1.000
0.4859 0.5184
Algebra 0.2623 0.4483 NA
Total
<0.000 <.0001
<.0001 <.0001
1
560
317
303
560
SAT
0.2997 0.5144 0.5222 0.4859 1.000
0.7595
Total
<0.000 <.0001 <.0001 <.0001
<.0001
1
624
306
317
366
624
ACT
0.2779 0.5701 0.5336 0.5184 0.7595 1.000
Total
<0.000 <.0001 <.0001 <.0001 <.0001
1
623
318
303
366
623
The top number is the correlation value. The second number shows
the p value. The bottom number is the size of the sample. Note that
no group of students took both the algebra test and CTSR. 1

1

When the van Hiele correlation coefficients on gain were restricted to the groups of student who also
took the CTSR and the algebra test respectively, the correlation coefficients were 0.2802 and 0.2494 .
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Linear Mappings

Regression comparison
We ran single variable and multiple independent variable (multivariate) linear models on FCI
gain with the parameter from Table 1.3. The results shown on Table 1.4 and Table 1.5. Each
test score was normalized to zero mean and unit variance. All linear models shown had all
coefficients statistically significantly different from zero. The bivariate models with the top
three correlation values are shown in Table 1.5. No linear models with three or more parameters
had all coefficients statistically significantly different from zero.
The total scores on the van Hiele test (from the CTSR subgroup) and the CTSR test were
individually fitted to a linear regression against normalized gain. Additionally, the total scores of
the van Hiele test (from the algebra test subgroup) and the algebra test were individually fitted to
a linear regression against normalized gain. The total scores of the SAT test were fitted to a
linear regression against normalized gain for those students with a reported SAT score (N = 624).
The scores were expressed in units of standard deviations from the mean value for each test. The
results are shown in Table 1.4.

Table 1.4 Regression slope coefficients against normalized gain on FCI.
Factor
Coefficient Standard error
N
Van Hiele (CTSR subgroup)
0.0510
0.0074
557
CTSR
0.0579
0.0073
Van Hiele (algebra subgroup) 0.0431
0.0071
Algebra
0.0472
0.0074
SAT
0.0534
0.0068
Each factor was individually used in a best fit, linear regression
formula.
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557
560
560
624

The regression data in Table 1.4 show the highest value for CTSR, followed by SAT and
van Hiele, in terms of normalized gains. This ordering is supported by the bivariate regression
indices shown in Table 1.5. The similarity of regression coefficients among the tests might seem
to suggest collinearity between the variables, but this is generally considered to apply only when
their correlation approach 0.9 (Pedhauzer 1997), which is not the case here.

Table 1.5 Correlations and regression slope coefficients for bivariate models
Model
correlation Factor
Coefficient Standard error N
CTSR
0.0430
0.0094
CTSR and
0.378
406
SAT
SAT
0.0312
0.0103
CTSR
0.0438
0.0081
CTSR and van 0.353
527
Hiele
van Hiele 0.0288
0.0075
van Hiele 0.0278
0.0077
van Hiele and
0.330
624
SAT
SAT
0.0388
0.0079
All correlation and coefficient values have p < 0.0001.

Differentiation by van Hiele, CTSR, and algebra levels
The van Hiele, CTSR, and algebra test scores can all be divided into levels. With the van Hiele
test, those levels are inherent in the van Hiele theory of geometric logic. The CTSR levels come
from Lawson’s own separation of the total scores into levels of concrete operation stage,
transitional stage, and formal operation stage (Lawson 2004). The algebra test levels were
modified to follow the van Hiele form of separate hierarchical levels. The normalized gains
were separated by levels according to each test. These results are shown in figures 1.1-1.3. In
figure 1.3, a student is assigned the highest level with a score of four or five out of five below the
first level scoring less than four.
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The strict adherence to the van Hiele hierarchical interpretation in figure 1.1 resulted in a
distinct separation of gain between levels two and three2.

The only salient difference occurs

between level 2 and level 3. The effect size between levels is as follows: between zero and one,
0.028; between one and two, 0.092; between two and three, 0.398; and, between three and four,
0.237.
Figure 1.2 shows the difference in gains for students at the concrete (level 1, score = 0-4),
transitional (level 2, score = 5-8), and formal (level 3, score = 9-13) operating stages as measured
by total score on the CTSR (Lawson 1995). FCI gains for students at the formal operating stage
shown in figure 1.2 align closely with the figure 1.1 results for levels three and four of van Hiele,
yet fewer than half (57 of 127) the students placed in the highest CTSR level were also in these
higher van Hiele levels, suggesting that the two test measure different aspects of logic. The
effect sizes for FCI gains between CTSR levels is as follows: between one and two 0.305 and
between two and three 0.540 .

2

The significant separation between van Hiele level 2 gain and level 3 gain remained when
instead assigning a student the highest van Hiele level at which he or she scored 4 or 5 out of
5.
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Figure 1.1 The mean values of normalized gain for all students (N = 1120) at each van
Hiele level. A skipped level (score less than four) assigned the student to the last level
with a score equal or greater than four out of five. No student achieved level 5 under
this criterion. Error bars are at one standard error.

Figure 1.3 plots the mean gain values for the separate levels of the algebra test. Students
were assigned to the highest level in which they scored four or more out of five. With the
exception of level 2, the general trend is upward for gain with increased algebra level.

The

effect size between levels is as follows: between zero and one, 0.142; between one and two,
0.567; between two and three, 0.186; between three and four,0.284; and, between four and five,
0.0735 .
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Figure 1.2 The mean values of normalized gain for students who
took the CTSR (N = 557) at each CTSR level. Levels are
determined by total score (possible 13): Level 1 = 0-4, Level 2 = 58, Level 3 = 9-13. Error bars are at one standard error.

Figure 1.3 The mean values of normalized gain for students who took the
algebra test (N = 557) at each algebra level. Level skips are ignored and
students are assigned to the highest level achieved (minimum score 4 out
of 5). Error bars are at one standard error.
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Discussion
The FCI has been compared with other assessment instruments previously. In our study, the
correlation between CTSR and normalized gain were 0.318 (p<0.0001). In Hake’s study (1998),
a clear separation existed between the normalized gains for classes taught with interactive
engagement (0.48) and for classes taught with traditional lecture (0.23). Using data from
interactive engagement classes, Coletta and Phillips (2005) positively correlated FCI scores with
the Lawson Classroom Test of Scientific Reasoning (CTSR)(r = 0.51, p < 0.0001, N = 65). In a
study also using interactive engagement instruction, Coletta, Phillips, and Steinert (2007) found
positive correlations between FCI gains and SAT scores at one high school and one university (r
= 0.56 and r = 0.46, N = 335 and N = 292, respectively, p < 0.0001 for both). In comparison, our
correlation between FCI gains and SAT scores were lower ( r = 0.300, p< 0.0001). Correlations
between FCI scores and CTSR, closer to those in our study, came out of a study by Diff and
Tache (2007)(r = 0.36, p< 0.00007) from a community college with three classes of different
mathematical prerequisites: Applied Physics with intermediate algebra; algebra-based physics;
calculus-based physics (N = 116). In the same study, Diff and Tache reported no significant
correlation between gains on the FCI and the Conceptual Survey of Electricity and Magnetism.
Nieminen, Savinainen, and Viiri (2012) used a representational variant of the FCI, using visual
isomorphic representations for nine selected problems, to correlate to the CTSR and the full FCI.
The sample of high school students ranged from regular classes to pre-IB (International
Baccalaureate) classes. Their CTSR to FCI Spearman rank correlation was 0.52 (p < 0.001, N =
131). A study focused on the Dual Processing theory (Wood, Galloway, and Hardy 2016)
employed the Cognitive Reflection Test (CRT) and found that, while the FCI pre and post scores
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both correlated positively with the CRT results, the FCI gains were independent of the CRT
results.
To our knowledge, none of the previous studies developed multivariate linear models.
As shown in Table 1.4, the van Hiele showed a correlation coefficient comparable to those of the
CCTSR and the SAT. In particular, the van Hiele and SAT bivariate linear model, with a 175%
greater sized sample, had a correlation coefficient almost up to the level of the much smaller
sized sample in the CTSR and SAT bivariate linear model. The regression slope coefficients in
the CTSR/van Hiele liner model were comparable in scale.
This study finds a consistent trend of greater normalized FCI gains with higher scores on
each of the tests considered. Table 1.2 indicates that three tests van Hiele, CTSR, and algebra, as
well as admissions test, correlate similarly with normalized gains. Table 1.3 shows comparable
regression coefficients for the tests. There is an additional point of similarity between the CTSR
and the van Hiele results. Figure 1.1 shows the greatest separation of normalized gains between
vH levels 2 and 3. This separation appears similar to the separation of normalized gains on
figure 1.2 between the transitional and formal levels of the CTSR. Both of these separations
show a medium effect size as calculated by Cohen’s d (Cohen 1988). The formal level of the
CTSR model requires “recognition of a causal relationship,” while level 3 of the van Hiele
model requires “a student to be able to follow the connection between a statement and its
justification.” This ability to connect justification of a statement in a causal relationship
indicates similar student ability in both models at this level.
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Conclusions
This study shows that the van Hiele test correlates as strongly as the Lawson CTSR or the
algebra test to gains in conceptual physics understanding as measured by the FCI. It supports the
emphasis in physics education research on recognizing analytical thinking, or metacognition, as a
key element in increasing students’ conceptual understanding of physics (Elby 2001, Ding 2014).
The lack of collinearity shown in the correlation coefficients and the increased correlation shown
in the bivariate linear model suggests that the van Hiele score includes a factor not measured by
the CTSR.
Beyond defining and measuring cognitive levels, the van Hieles and their followers have
advocated a pedagogical approach, which not only has proven successful in helping students
advance their level of logical thinking in mathematics (Salazaar 2012, Suwito 2016, van
Onderwijs 2016) but is similar to those now set forth in physics education research. The
pedagogic steps for helping students advance from one reasoning level to the next level listed by
van Hiele (1986) parallel those broad teaching strategy suggestions offered by Lawson (2004).
Van Hiele listed five stages to the effective teaching process: information, when the instructor
directs the student to become acquainted with the domain; guided orientation, when the student
explores possible relations within the network to be formed by following specific tasks;
explication, when the student is encouraged to put into words the relations she has found; free
orientation, when the student is given general tasks to find her way in the network; integration,
when the student is prompted to build an overview of all she has learned. One study using the
CTSR to measure scientific-reasoning ability (Fenci 2010) found improvement when a sample
group was treated with teaching methods “that put active exploration of concepts ahead of
mathematic formatization.” Though nothing in Fenci’s paper mention van Hiele, this
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exploration approach aligns with the van Hiele strategies for advancing from one level to
another. The teaching methods advocated by van Hiele (1986) share features with the FAR
approach presented by Harrison and Treagust (2000), with the Argumentation Discourse
suggested by Duschl and Osborne (2002), with the model of imagery-based, non-formal
scientific reasoning explored by Stephens and Clement (2010), and with the Learning
Progression levels introduced by Alonzo and Steedle (2008) and furthered by Fulmer, Liange,
and Liu (2014). As shown in a companion paper (Hemphill, Lewis, and Rabson 2020), the same
levels of logical reasoning demonstrated by students in solving van Hiele questions also
appeared in answering conceptual physics questions on the FCI. This suggests that the
strengthening of the types of metacognitive cuing shown in higher van Hiele levels may more
readily cue similar resources (Redish 2013) in solving conceptual physics problems.
In comparison to the other models mentioned, the van Hiele model gives a more specific
teaching strategies to guide students in advancing from one level to another. Using the van Hiele
model, Sharp and Zachary (2004) developed interventions which aided mechanical engineering
students in progressing from one level to the next. That positive, if anecdotal, experience in an
engineering class, together with the correlations shown in this work, suggest a future
interventional study into whether the van Hiele strategy, refined over more than 50 years of
application, could help students maximize their gains in conceptual physics understanding
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Chapter 2:
The Comparison of Previous High School Physics Instruction to Gains in Algebrabased Physics Conceptual Understanding in College.
Some students arrive at their first college physics class having had a high school physics course
while some students have had no previous instruction in physics. This study looks at how such
instruction, or lack of such instruction, correlates to greater gains in conceptual understanding of
physics in a subsequent college physics course.
Literature Background
The difference in student preparation for college physics has been studied in a much earlier work
(Colmey 1920) and, later, with focus only on laboratory work (Kruglak 1955) or as part of
multiple factors ( Tai, Sadler and Mintzes 2006). The results of a 1920 dissertation (Colmey)
suggested that there was little difference, drawing on students’ opinions of how much they
benefited from previous instruction. Addressing primarily laboratory experience, a study
(Kruglak 1955) stated that those with high school instruction in physics did achieve higher scores
on final exams in college physics.
Studies dealing with multiple factors (Kruglak 1955, Sadler and Tai 2001) examined
classroom practices of high school science teachers and suggested that demographic/educational
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elements (ability and socio-economic) were of greater effect than high school experiential
elements. A later study included biology and chemistry areas as well as physics, but used final
course grades as the measure of gain (Tai, Sadler and Mintzes 2006). They did suggest that
“high quality teaching” at the high school level was on an equal level of effect with the “ability
and socio-economic” factors. They indicated that “the predicted differences are directly related
to the focus on conceptual understanding”. Significantly increased gains have been noted in
studies which targeted other factors, such as mode of instruction or students’ level of scientific
reasoning (Coletta, Phillips and Steinert 2012).
As indicated by Meltzer (2002), earlier studies depended on final course grades as a
measure of physics understanding. Not knowing the type or style of questions used hampers
effective comparison. Meltzer states, “It is very likely in most cases, all or most of the exam
questions would be described as traditional quantitative physics problems.” This conflates
algebraic and mathematical abilities with understanding of physics concepts.
Halloun & Hestenes (1985), using conceptual physics tests, reported results that students who
had not had high school physics showed lower pre-course scores on the Force Concept Inventory
(FCI) than those students who had high school physics. Hart & Cottle (1993) found also that
students without HS physics achieved lower course grades in algebra based physics classes.
There was a similar poorer final grade by students who had entered college by way of an AA
degree from a Jr. or Community College.
These previous studies all agreed that lack of high school physics resulted in lower final
grades, or lower final FCI scores, in college physics courses. None of these studies addressed
whether those students with high school physics merely started with greater physics knowledge
or gained greater physics knowledge from the college course at the end of the course. The
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studies did not address how much previous instruction in high school physics benefits students in
terms of conceptual gains during a college course.
While engaged in a broader study of correlations between student gains in conceptual
physics understanding and tests of logical thinking, we gathered data to measure other factors.
One factor was students’ high-school physics experience, since not all secondary school systems
require physics instruction.

The results of this study concurred with some of the earlier findings

and offered new information as well.
Methodology and Sample
The Force Concept Inventory (FCI) was administered to 1120 students at the University of South
Florida. All students were enrolled in an algebra-based physics course in either spring or fall
term of the same calendar year. The instrument was given as both a pre-instruction and postinstruction assessment. Test results were separated into those who claimed having taken a high
school physics class of any type and those who did not take such a course. Seventeen students
declined to give that information, resulting in a sample of 1103 students. The mean scores of the
pre-test (FCI1), post-test (FCI2), and the normalized gains for those groups were compared both
graphically and with an independent t-test.
Data
Figures 2.1, 2.2, and 2.3 show the histograms for the students with high school physics and those
with no high school physics. Tables 2.1, 2.2, and 2.3, show the results for the independent ttests. All effect sizes were calculated using Cohen’s d.
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Figure 2.1 Pre-instruction scores on the FCI shown as histograms. The maximum
possible score on the FCI is 30. In the histograms, the vertical is scaled to the number of
students.

Table 2.1 The independent T test for unequal variances for the pre-instruction
FCI scores. These lead to the null hypothesis being rejected and the conclusion
the means do not come from the same sample.
df
964.57
t value
9.3694
Pr > |t|
<.0001
Effect size
0.565
Confidence interval
1.5210 – 2.3269

Figure 2.2 Post-instruction scores on the FCI shown as histograms. The maximum possible
score on the FCI is 30. In the histograms, the vertical is scaled to the number of students.
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Table 2.2 The independent T test for unequal variances for the post-instruction
FCI scores. These lead to the null hypothesis being rejected and the conclusion
that the means do not come from the same sample.
df
1015.3
t value
6.2667
Pr > |t|
<.0001
Effect size
0.378
Confidence interval
10.808 – 9.0453

Figure 2.3 Normalized gain histograms for high school and no high school physics. In the
histograms, the vertical is scaled to the number of students.
Table 2.3 In this T test results of unequal variances, the null hypothesis is not
rejected and the effect size indicates the smallness of the difference.
df
1035.7
t value
1.0051
Pr > |t|
0.3151
Effect size
0.0605
Confidence interval
-0.0104 - 0. 03222
While Tables 2.1 and 2.2, along with Figures 2.1 and2. 2, lead us to reject the null
hypothesis for both pre-instruction and post-instruction test scores, the results shown in Figure
2.3 and Table 2.3 fail to reject the null hypothesis for the normalized gains. Failure to reject
does not immediately confer equivalence on the normalized gains. However, the small effect
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size suggests that, even if there was a difference in the gains, the effect was minimal.3
According to Lewis and Lewis (2005), Cohan relegated effect sizes under .20 to “one in which
‘the influence of uncontrollable extraneous variables (noise) makes the size of the effect small
relative to these’.” Lewis and Lewis posited that a Cohen’s d of 0.20 set “too conservative a
limit” on the interval for noise. Our Cohen’s d (effect size 0.0605) is even smaller, supporting
equivalence. Any possible difference between the gains of the two groups comes in the interval
of a “distinction which makes no difference.” This possible “distinction without a difference”
came in contrast to the difference in the pre course test score means and the difference in the post
course test score means. The difference in pre-instruction mean scores (FCI1) had an effect size
of 0.565. The effect size on post-instruction mean scores (FCI2) was 0.378 . These results
support the inference of a medium effect size for both pre-instruction and post-instruction scores
differences.
The data shown above covered both terms for the calendar year. In the spring term,
students only indicated if there had been any previous physics instruction, with no indication of
course level (regular, honors, or AP). In the fall term, students indicated which level of
instruction had been received. The gains achieved by the fall term students are in figure 4 with
the horizontal scaled to the level of instruction received. This data supports the hypothesis of no
difference in gain between those receiving no previous physics instruction and those taking
regular and honors physics classes.

3

In Hake’s (1998) large study, the difference in normalized gain from traditional instruction to interactive
engagement instruction was almost two standard deviations, much greater than any difference shown
here.

30

Figure 2.4 Fall data on student gains according to the level of previous
instruction. The error bars represent one standard error.
Discussion and Conclusion
Although students who had high school physics instruction were positioned to begin and end
college physics class with greater conceptual understanding than those students who had not had
high school physics instruction, the majority of previous high school physics instruction did not
correspond to students achieving greater gains in such understanding4. Exiting a college course
with greater conceptual understanding is, in itself, reason to encourage students to take high
school physics. The results of this study do not support an assumption that the majority high
school physics instruction enables students to derive greater benefit from college instruction in
conceptual physics. A larger study can increase the precision of the possible effect of AP
4

One of the accepted advantages of using normalized gains is that it should not depend on how much
previous knowledge a student has. The result of this study supports that supposition.
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instruction and subsequent conceptual gains in college physics courses. Since students who pass
AP Physics can sometimes waive the course requirement for taking the college course, the
sample may be limited to those who did not pass the AP exam with a high enough grade to
qualify for such a waiver.
The previous physics knowledge which students bring to a college course is only part of
what can be learned in a physics course. How students approach learning in physics class has
been shown to be a key factor to students conceptual gains (Malone 2008, Moore and Rubbo
2012, Thomas 2013, Wood, Galloway and Hardy 2013, Mason and Singh 2016). Kryjevskaia,
Stetzer, and Grosz (2014), along with others (Thomas 2013, Wood, Galloway and Hardy 2016),
suggested improving students’ metacognition would lead to “improved student reasoning.” We
must continue to seek such factors to add to high school physics curriculum and introductory
college curriculum which will allow students to gain even greater conceptual physics
understanding during their course time in college physics.
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Chapter 3:
Viewing Student Responses to the Force Concept Inventory through the Lens of Geometric
Logic Levels and the Resources Framework
Many non-physics major, introductory-physics students at the college level have conceptual
difficulties concerning forces and motion, interfering with the correct application of Newton's
laws to qualitative problems (DiSessa 1993, DiSessa 2004, Sherrin 2006). Researchers have
come to understand these difficulties through the resources framework (Redish 2013, Hammer
2000). This theory supposes that students do not have unitary “misconceptions” in physics they
rely on to solve problems but rather mentally call upon, or activate, various smaller “chunks of
code” (Hammer 2000), or resources. Some of the activated resources may give simplistic,
ambiguous, or contradictory answers. At this point, the student should examine each resource
logically for applicability to the situation and resolve any conflicts between resources. Thus, the
level of logical reasoning that the student brings to this task becomes key. To examine this
interaction between levels of logical reasoning and activated resources, we compared students’
use of logic and resources in answering selected school-geometry and conceptual physics
problems.
This study examines students’ responses to three questions from the van Hiele test of K12 geometric logic (vH) (Usiskin 1982) and three questions from the Force Concept Inventory
(FCI) (Hestenes, Wells, Swackhammer 1992). Our analysis works within the van Hiele levels of
geometric logic (van Hiele-Geldof and van Hiele 1958) and the resources framework. In the
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next section, we will discuss these two theoretical models. The third section details the student
sample, the two test instruments, and the reasons for choosing the specific questions used in the
interviews. The fourth section gives student responses exemplifying activation of resources at
each level of logical reasoning as applied to both the FCI and vH problems. Finally, we will
discuss the results and give our conclusions to the study.
To our knowledge, no previous study has compared models of students’ reasoning
applied to geometry and force concepts in physics. The research focused on these questions:
what similarities and differences exist between these two theoretical structures as they apply to
the selected problems? How strong a synthesis can be constructed from the two approaches?
Theoretical Background
Conceptual physics, specifically the ideas tested in the Force Concept Inventory (FCI)(Hestenes,
Wells, & Swackhammer 1992), and high-school geometry both demand of the student a certain
level of reasoning. We will show that the van Hiele geometry levels (van Hiele-Geldof and van
Hiele 1958) offer a way to compare students' logic levels not only in geometry but also in their
reasoning on FCI questions in terms of the specific resources activated.

We briefly summarize

the resources framework and the van Hiele theory of school-geometry learning.
Resources framework
In the resources framework of physics education research, elements of knowledge, called
resources, may be called to mind (cued) by context-specific terms or situations(Hammer 2000).
Resources may deal with information (declarative knowledge) or with a procedure or algorithm
(process knowledge). These resources can range in size and complexity from single bits of
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knowledge to loose associations or networks of knowledge (declarative) and from algorithms of
a single step to multiple steps (process). Once cued, the resource is considered “activated” while
it plays a part in the student’s deliberations in her working memory – the location for the explicit
manipulation of such items (Hammer 2000). The term reliability was coined to describe the
confidence a student has in the applicability of a piece (or network) of resource that has been
reinforced or diminished by its success or failure in answering questions (DiSessa 1993). The
term was first applied to the smallest and simplest resources but serves well with larger networks
or structures when describing how strongly the resource will resist being deactivated by
subsequently activated resources (Wood, Galloway, & Hardy 2016).
The resources framework identifies some smaller and more basic resources called
phenomenological primitives, or p-prims (DiSessa 1993), and authoritative cognits (Redish
2013). P-prims are experiential generalizations for explaining physical phenomena. They are
“self-explanatory – something happens ‘because that’s the way things are.’” They are triggered
“on the basis of perceived configurations” (DiSessa 1993). Authoritative cognits are facts or
expressions received from a source deemed by the student to be reliable and valid. This could be
a lecturer, a textbook, or a respected classmate. Such resources may interrupt and replace other
resources, giving either a false negative or false positive response on a test item designed to elicit
higher-order reasoning in either the FCI or the van Hiele test.
Resources are not necessarily inherently valid or invalid; they are often only
inappropriately applied (Hammer 2000). An example may be seen when asking a student why
the weather is hotter in summer than winter. Many students call on previous experience. When
they are closer to a light, it is brighter. When they are closer to a speaker, the sound is louder.
When they are closer to a fire, they feel warmer. This leads to the p-prim generalization that
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Closer is More (DiSessa 1993). Applying this experiential resource, they may posit that the
Earth is closer to the sun at that time. Physics example: a student may apply the resource of the
kinematic equations to a situation where the acceleration is not constant during the time period in
question. That is an inappropriate application. If the problem is separated into time periods
containing only constant acceleration, the resource is appropriate to apply to each separate time
period. The appropriate application of a resource depends on the student cueing the associated
underlying assumptions used in deriving the kinematic equations and the subsequent boundary
conditions restricting the appropriate use of those equations.
The resources framework has been expanded to include resources such as epistemologies
(how one perceives learning) (Hammer 2000), framing (a locally coherent set of activations,
Redish 2013), and control structures, which dictate how a problem is approached and are
products of a student’s epistemologies (Lising & Elby 2005). The dual-processing theory
postulates two separate process resource types (Wood, Galloway, & Hardy 2016). Process 1
control resources are intuitive and nonreflective (heuristic), and Process 2 control resources
require conscious effort and thought (analytic) (Kryjevskaia, Stetzer, & Grosz 2014). Process 1
control resources are cognitive versus metacognitive. Only a student’s decision to invoke a
Process 2 resource involves a level of metacognition, which the authors designate as analytic
reasoning (Wood, Galloway, & Hardy 2016). The only way to catch a possible misapplication of
the intuitive response provided by a Process 1 resource is for the student to engage a Process 2
resource, which is capable of producing logic-based reasoning (Gette, Kryjevskaia, Stetzer, &
Heron 2018). During the activation of this Process 2 resource’s slower and reflective reasoning,
students will cue associated resources and interrelate the underlying assumptions and boundary
conditions pertinent to the active resources.
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This metacognitive interrelationship of resources led us to consider whether a study of
how students answer questions in geometry as well as physics could lead to a more nuanced view
than the strict binary separation between simply heuristic and rigorously analytic processes. In
support of this idea, the item response curves in Morris et. al. (Morris, Harshman, BranumMartin, Mazur, Mzoughi, & Baker 2012) indicated that students’ different answers to FCI
problems showed different levels of conceptual understanding, which changed in stages with the
students’ overall ability as measured by their total FCI score.

The van Hiele classification of

levels of preparedness for school geometry fills the gap between Process 1 and Process 2
reasoning. It deals with the correct application of conceptual understanding and has been
examined, utilized, and tested in a number of studies (Wirszup 1976, Burger& Shaughnessy
1986, Fuys, Gette, & Tischler 1988, Teppo 1991, Haviger& Vokulkova 2015).
Van Hiele Model
Over 60 years ago, van Hiele-Geldof and van Hiele (van Hiele-Geldof& van Hiele1958)
developed an enduring assessment for student success with school geometric problems still
widely used in mathematics research. Senk (1989) found that “Van Hiele levels are not tied to
age or maturity, but instruction … [they are] sequential and hierarchical.”

Van Hiele-Geldof

and van Hiele described five distinct levels of thinking concerning the ability to do school
geometry correctly: visualization, analysis, abstraction, deduction, and rigor. Practitioners
generally consider a score of four out of a possible five on one level of the van Hiele instrument
to demonstrate mastery. According to Burger and Shaughnessy (1986), those students attaining
at least level 2 (analysis) mastery could do simple reasoning. Van Hiele-Geldof and van Hiele
believed that mastery of level 3 was necessary for a student to follow simple geometric proofs.
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Students’ van Hiele levels of logic have been studied in comparison to other mathematical
disciplines which either emphasize logic and proofs or do not (Aydin& Halar 2009). The
correlation to the former was found to be greater than to the latter.
The van Hiele model of levels was created to aid in the teaching of geometry (van Hiele
1986, Fuys, Gette, & Tischler 1988). Each level supposed a commensurate gain of logical
thinking and geometric vocabulary. Only the first three of the five van Hiele are used in this
study, since they cover the range of reasoning necessary to correctly answer the FCI problems.
The following definitions of levels are adapted from Aydin and Halar (2009).
LEVEL 1: The student identifies, names, compares, and operates on geometric
figures (e.g., triangles, angles, intersecting or parallel lines) according to
their appearance.
LEVEL 2: The student analyzes figures in terms of their components and
relationships among components and discovers properties/rules of a class of
shapes empirically (e.g., by folding, measuring, using a grid or diagram).
LEVEL 3: The student logically interrelates previously discovered properties/ rules
by giving or following informal arguments. (Informal arguments do not
require explicit justifications for each step.)
Burger and Shaughnessy (1986) raised some questions as to the hierarchical nature of the
van Hiele levels. Due to conflicting evidence cited by those coding the interviews in their study,
they suggested that the levels were not static, but dynamic, and that students could be in
transition between levels depending on context. Some students had regressed in their
understanding of school geometry. If a student had demonstrated mastery on a higher level (four
or five out of five correct on that level) while not showing mastery at a lower level, this is
39

referred to as a ``skip." Haviger and Vokulkova (2015) consider a skip ratio (proportion of
students skipping a level) of less than 10% evidence of a stronger hierarchy. This study had a
skip-ratio of 17%, indicating a weaker hierarchy, perhaps because of the length of time since
college students had studied geometry.
Van Hiele spoke of world levels of student perception which were hierarchical in
nature (van Hiele 1986). The language of each level built on the terms defined and
understood on the previous level. Each level’s terms were less concrete and more
abstract. At Level 1 in the van Hiele model, each shape was considered only as a whole
without any analysis of parts or components. Operating at Level 2 required an analysis of
the figures, recognized as belonging to a group, to identify a generalization of one
characteristic of that group and define a term for that characteristic property. Level 3
operation required understanding and use of the generalized terms created in Level 2 in
order to create terms to identify more abstract interrelationships between the generalized
terms created for different groups of figures.
Common Characteristics of the Theoretical Models
Both theories deal with interrelationships that lead to groupings based on a generalization
or abstraction: the interrelationship of geometric properties in the van Hiele model and
interrelationship of resources in the resources framework. In constructing their
conceptual understanding of a discipline, students come in contact with myriad concrete
examples and extract a common concrete element generalized from the examples.

This

common concrete element can be identified with some abstract common idea. This
second stage of relating features of a situation identifies a common aspect separate from
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concrete examples. At this stage we will begin to say the student performs an act of
abstraction from the concrete to the conceptual. The act of abstraction by the student
occurs when her perception of a situation moves away from the concrete, or surface
qualities, altogether and recognizes abstract properties underlying the common concrete
elements. As an example, all plane right triangles can be generalized in having two sides
that meet to form a 90 degree angle. This can be abstracted to state that there are two
sides of any such triangle that are orthogonal. The abstract concept of orthogonality has a
number of examples of which two sides of a right triangle are only one subgroup. In
physics, acts of abstraction can move the definition of a problem from being about
colliding objects to being about conservation of momentum to being about translational
symmetry.
Methodology

Instruments
We chose six problems, three van Hiele and three FCI, to show 1) logical application of basic
principles, 2) interpretation of a figure or a graphic presentation, and 3) interrelation of given
information. Students could evidence responses up to and inclusive of level-3 thinking on each
question when answering. The transcribed interviews were evaluated according to the van Hiele
scale for both the geometry and the physics questions. Limiting the interviews to six problems
allowed full time for students to verbalize their justifications for answers.
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Van Hiele
Starting in the late 1950s, the mathematics-education community has modeled students'
methods of reasoning in and preparedness for high-school geometry (van Hiele-Geldof &
van Hiele 1958). The van Hiele levels describe five ranked stages of increasingly more
abstract reasoning students may attain in dealing with geometry. We analyze interviews
in which students explained their reasoning on questions from the Hiele geometry test
and the FCI and find strong parallels between the specific resources activated in each set
of questions.
This study used the version of the van Hiele levels described by Wirszup (1976).
Usiskin (1982), with the CDASSG project, created a multiple-choice instrument based on
the five van Hiele levels. Each level consists of five questions, and a score of at least
four correct answers out of the five on a level shows mastery of that level. A score of
three out of five indicates possible mastery. This instrument has continued to be used
successfully in diagnosing student preparedness for geometry (Teppo 1991). This study
used the CDASSG version and followed the four-out-of-five-correct-answers criterion to
indicate mastery of a level.
The three problems used in the interviews all came from level3 of the multiplechoice van Hiele test: problem 12, problem 13, and problem 14 (Usiskin 1982). These
problems nominally required level-3 reasoning to arrive at the correct response. The
incorrect responses to each problem were designed to show lower van Hiele levels of
reasoning. Problem 12 gave two statements about properties of a triangle ABC. The first
stated that all three sides of the triangle were equal. The second stated that angles B and
C were equal. The student was asked to choose which of five relationships between the
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statements could be true, given that one of the statements (or both) were true (or false).
Problem 13 showed three quadrilateral figures (two rectangles and a square) and asked
which figure(s) could be classified as rectangles. Problem 14 asked to recognize the
correct justification for the response to problem 13. To arrive at a correct answer on each
of these questions, the student would relate properties of classes of figures, exercising a
level of reasoning described by van Hiele’s third level.
Force Concept Inventory
The FCI is a well accepted instrument for assessing students’ understanding of basic
Newtonian mechanics (Hestenes, Wells, & Swackhammer 1992). Used primarily at the
university level, the FCI has been employed also at the high-school level (Hake 1998,
Fulmer 2015). Its thirty problems are specifically structured to reveal general
misunderstandings associated with Newton’s Three Laws of Motion on a conceptual
level. The FCI, after undergoing critical review in earlier years, has continued to be
widely accepted, and used (Hake 1998), in physics education research while also
undergoing checks for validity and critical re-examination (Plainic, Ivanjek, & Susac
2010, Wallace & Bailey 2010). The FCI has been used in conjunction with both the
resources framework (Redish 2013) and dual-processing theory (Wilson & Low 2017).
This study uses the 1995 version of the FCI.
The three FCI problems used in the interviews were problem 15, problem 20, and
problem 25. The scenario of problem 15 had a car pushing a truck back to town as they
were speeding up. The question asked a comparison of the forces on the car and on the
truck. Answers A, B, and C only refer to pushes by the car and truck with answer A
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having the pushes equal, B has the car’s push smaller than the truck’s push, and C has the
car’s push greater than the truck’s push. Problem 20 showed a figure of the recorded
positions on a linear scale of two boxes (A and B) at equal intervals of time as they
moved from left to right. Students were asked to choose which statement best compared
the accelerations of the two boxes. Answer A has box A’s acceleration greater than B’s,
and answer C has box B’s acceleration greater than A’s. Answers B and D both state that
the accelerations are equal, but B also specifies that the accelerations are greater than
zero while D adds that the accelerations are zero. Problem 25 stated that a woman was
pushing a box across a level surface at a constant velocity. The possible responses
compare the constant force supplied by the woman as being one of the following: A equal to the magnitude of the weight of the box; B – greater than the weight of the box; C
– the same magnitude as the force resisting the motion of the box; D – greater than the
force resisting the motion of the box; or E – greater than either the weight of the box or
the force resisting the motion of the box.
Samples
The interview volunteers were solicited at the beginning of the spring term from students who
had completed an introductory algebra-based physics course the previous year. The interviewed
students were part of a larger sample which had been given the FCI twice, at the beginning and
at the end of the term, in either the spring or fall term. That sample group had also taken the van
Hiele test during the same term. The nineteen student interviews were audio-visually recorded
and transcribed. Five interviews were excluded due to one or more missing test results. Of the
remaining fourteen students, twelve had taken the course and the tests in the fall, and the
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remaining two students had taken the same course and the same tests the previous spring. For
additional demographic information and individual scores, refer to Appendix A, Tables A1 and
A2.
Protocol
This study compared the activation of resources in students’ high-school geometry logic with the
activation of resources employed in answering conceptual physics questions. Various research
techniques have been used to elicit students' verbalization of their thinking: group problemsolving sessions; problems with written thought summaries; structured interviews; semistructured interviews; and think aloud while answering (Hammer 2000, Fabby & Koenig 2015,
Burger & Shaughnessy 1986, Sabella & Cochran 2004). The method used in this study, with
questions from the van Hiele test and the FCI, was semi-structured, think aloud while answering.
It focused on probing which types of process resources were most readily and easily cued or
accessed and how persistent was the activation of those resources.
Each volunteer was first given the same three questions (12, 13, 14) from the van Hiele
instrument to answer and then given the same three FCI questions (15, 20, 25). There was no set
time limit on answering the questions, but no interviews lasted over 17 minutes. There was no
correlation between the time length of the interview and the number of correct answers. When
there were longer silences or to clarify answers, additional verbalizing was elicited with short
prompts.
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DATA AND ANALYSIS

Applying van Hiele levels to physics
The following sections apply the descriptions of the first three levels of the van Hiele model of
school-geometry reasoning to conceptual physics reasoning. The examination focused on the
level of reasoning and abstraction required at each level.
Level 1
The van Hiele definition focuses on basic recognition and visual appearance, stressing a limit to
underlying understanding. The van Hiele scale states the students ``recognize and identify"
figures by appearance, but they do not understand the properties or rules (Aydin and Halar
2009). Physics problems at this level would only require recognizing a situation as similar to a
student’s previous experience, either from instruction or from life, and recalling what generally
happened in that situation. Recalled equations will be used with little to no understanding of
underlying assumptions.
Level 2
The van Hiele “’rules of a class’ serves” to separate one class of figures from another. The
characteristics of a physics problem often involve the underlying assumptions and boundary
conditions defining a given situation. These qualities often dictate the relevant physics equations
and rules. At this level the student must separate nonrelevant characteristics or problem
components from the relevant components to focus on the specific subset (class) of physics rules
or relationships the student believes is relevant to solve the problem. At this level, there is
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recognition of interrelationship only between component resources within the specific subset of
physics rules. Multiple-step reasoning may occur at this level, but only within the confines of a
single subset, not across subsets. These subset categorizations may be from the curriculum or
generated by the student in the creation of her resource structure.
Level 3
Level 3 on van Hiele focuses on the interrelation between previously separated conditions or
classes, having students “logically order and interrelate” properties and rules. In the physics
context, the FCI requires students not merely to recall the statement of a law or equation but also
to relate it to underlying assumptions and conditions. Secondarily, the van Hiele scale states that
“logical implications and class inclusions are understood and recognized." The “logical
implications” cited in the van Hiele definition relate directly to FCI problems where assumptions
inherent in using one law or equation lead to logical implications affecting other parts of the
problem.
The van Hiele levels for individual interview question
The transcribed responses for each question from each student were rated by three separate raters
using the rubric outlined in the previous section. The interview raters did not have access to the
student’s final scores. The three raters, all experienced instructors, went through a set of
example responses and agreed on general applicability of the rubric.
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Table 3.1 Van Hiele levels shown in interview
Questions
FCI
vH
Student vH 12
vH 13
vH 14
FCI 15 FCI 20 FCI 25 level score
F1
2/2/2
2/2/2
2/2/2
2/2/1
2/2/2
2/2/2
3
7
F2
3/3/2
3/3/3
3/3/2
3/3/3
3/3/3
3/3/3
2
12
F5
2/2/2
1/1/1
1/1/1
1/1/1
1/1/1
2/2/2
1
10
F6
2/2/2
1/1/1
2/2/2
1/1/1
2/2/2
2/1/2
0*
7
F7
3/3/2
2/2/1
2/2/2
2/2/2
3/3/3
3/3/3
3
23
F8
3/3/3
3/3/2
3/3/3
3/3/3
3/3/3
2/2/3
1*
18
F9
2/2/2
2/2/2
1/2/1
2/2/2
3/3/3
2/2/2
2
10
S10
3/3/3
3/3/3
3/3/3
2/2/2
3/3/3
2/2/2
1*
19
F13
2/3/2
2/2/2
1/2/1
3/3/2
2/2/1
2/2/2
2
5
F14
3/3/3
2/2/2
2/2/2
2/2/2
2/2/1
2/2/2
2
11
S16
2/2/2
1/1/1
1/1/1
2/2/2
1/1/1
1/1/1
0
7
F17
3/3/3
3/3/3
3/3/3
3/3/3
3/3/3
3/3/3
1*
18
F18
**
3/3/3
3/3/3
2/2/2
1/1/1
1/1/1
1*
10
F19
3/3/3
3/3/3
3/3/3
2/2/2
3/3/2
2/2/2
3
14
The FCI score is the post instruction score. Van Hiele levels are assigned to the last
level mastered before a score less than 4. *These students had a score of 3 out of 5 at
level 1 or 2, but showed scores of 4 or 5 otherwise up to level 3. **Interview response
unintelligible on video recording.
The inter-rater reliability (IRR) was calculated using the intraclass correlation
coefficient (ICC). The ICC scale suggested by Koo and Li (2016) placed poor agreement
below 0.50, moderate agreement between 0.50 and 0.75, good agreement between 0.75
and 0.90, and excellent agreement at greater than 0.90.
Table 3.2 Inter-rater reliability (IRR)
Question vH 12
vH 13
vH 14
FCI 15
FCI 20
FCI 25
Average
IRR
0.89
0.98
0.97
0.97
0.97
0.95
0.96
Question IRRs calculated by ICC with a two-way mixed-effect model, the mean value of
three raters, and consistency rather than absolute agreement. All other p < 0.001.
The inter-rater reliability (IRR) of questions all showed excellent agreement (IRR
≥ 0.90) with the small exception of vH 12, which rated good (0.75 ≤ IRR ≤ 0.89)(Koo and Li
2016). This overall level of inter-rater reliability falls within the the higher end of the range
shown in other studies (Tirunch, D. T., De Cock, M., Weldeslassie, A. G., Elen, J. & Janssen, R.
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(2017), Wheeler, S. R. & Blanchard, M. R. (2019), de Aldama, C. & Pozo, J. (2020), BedoyaBelmonte, J. J., Rodriguez-Gonzalez, M., Gonzalez-Sanchez, M., Pitarch, J. M. B., GalanMercant, A. & Cuesta-Vargas, A. I. (2020)).
Interview comparisons
This study examined the transcripts of students’ responses in answering the van Hiele and FCI
questions. Representative responses from those transcripts suggested similarities in students’
process resources when answering problems in geometry and physics. Two students’ interviews
were chosen to exemplify each of the three levels. Following, two additional student interviews
were selected to illustrate types of inconsistent activation of resources.
Level 1
The following interview responses exemplify how the “visual appearance” but not “properties or
rules” of van Hiele geometric logic level 1 appear in the thinking of students who also displayed
only a use of the “basic physics terms and laws” without an understanding of the “inherent
assumptions” of physics. Interview students F5 and F6 scored at or below mastery at level 1 of
the van Hiele test and gave examples of this level.
In an example from the interviews, student F5 showed comparable level 1 resources on a
van Hiele (vH 13) and an FCI problem (FCI 15). Problem 13 of the van Hiele test asked which
of the figures (labelled P, Q, and R) could be called rectangles.
vH 13
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Student F5: Which of these can be called a rectangle? Well, not P, that’s a square. Q is
a rectangle and R is a rectangle. So I’m going to say 13 E. . . . (pointing to R) Even though it’s
crooked, it’s still a rectangle.
Interviewer: And P is . . .
Student F5: A square.
The interviewer twice more prompted student F5 to consider figure P, but the response
never wavered. When answering vH 14, student F5 first considered properties of figures.
vH 14
Student F5: Ahmm. (pause) Isn’t a parallelogram where like the four sides look all
cockeyed? Is that what I’m thinking about? Ahmm - ooh. Hmm. I’m – let me see here.
Properties of squares. All properties of rectangles are squares. Hmm. I wish I could remember
what a parallelogram is.
Interviewer: Let alone its properties?
Student F5: I know! I could swear I’ve been thinking of that – I could swear - that little
thing. Uhm, though I don’t want to say that.
Then a few seconds later the student F5 reaches a decision for vH problem 14.
Student F5: The properties of the rectangles is [sic] properties of the parallelograms.
They can’t have the same properties as the square and the rectangle. Right? Sure.
Interviewer: Depends on which properties are which.
Student F5: I don’t know.
The student gave no mention of properties in answering vH 13. The whole focus was on
visual recognition of a generalized form. Even though one figure (R) was oriented at an angle in
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respect to the other figures, the student noted it was still a rectangle. This, again, focused on
visual recognition of a generalized form, not on properties.
This placed the responses to both problems at the van Hiele level 1. As a result, student
F5 got both these level 3 van Hiele problems wrong.5
Problem 15 of the FCI asked the same student for a comparison of forces between a car
and a truck as the car pushed the truck up to cruising speed.
FCI 15
Student F5: Right, so the car has to exert more force on the truck to make it go forward,
I do know that. So the answer to 15 . . .is . . .C. (Answer C states that the force of the car on the
truck is greater than the force of the truck on the car)
The student showed recognition of basic physics terms related to the problem by citing
force and resultant motion. The student dismissed answer E, which states that there is no force
present (the truck moves by merely being in front of the car). However, the problem asked the
student to compare the force of the car on the truck and the force of the truck on the car. The
student showed no understanding that the forces acted on different bodies and that Newton’s
Second Law was not applicable since the forces did not make up a net force acting on the same
body. This lack of understanding concerning the underlying assumptions of physics placed this
response at level 1.
A different convention defines rectangles as separate from squares with a property that adjacent sides are
of unequal length (Oxford English Dictionary (2019), Euclid 2002). While such a convention may hold
in literature and classical geometry texts, the convention accepted by van Hiele in 1958 and by Usiskin in
1982 with this multiple-choice test characterized squares as a special class of rectangles. A survey of
current school geometry textbooks showed a consensus for the convention of listing squares as a special
case of rectangle. This convention was supported by the number of interviewed students in this study
quoting a phrase “all squares are rectangles, but not all rectangles are squares.” While it is possible some
students learned their geometry from Euclid, we see no evidence for this in the interviews. The more
probable cause for their differentiation of a square from the class of rectangles lies in experiential
knowledge gained outside the study of school geometry.

5
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Student F6 also evinced level 1 thinking on both geometry and physics problems. In the
multiple-choice van Hiele test (given earlier in the term) student F6 gave enough correct answers
on levels 2 and 3 (4 out of 5 on both) to show mastery but had only 3 out of 5 on level 1. This
constitutes a possible “skip,” and the student should be placed below level 1 of van Hiele for that
reason, unless interview responses showed higher level processes. Evidence from the interview
suggested the student arrived at the correct answers from previously remembered examples and
not from activation of resources at the level tested. An example can be shown in the answer to
vH problem 13 on rectangles.
vH 13
Student F6: So which of these can be called rectangles? Hmm, so right now I’m trying
to remember it’s –hmm - see it’s (quietly) all squares are rectangles, or it’s all, but not all
rectangles can be squares. It – (pause) So I know for sure Q and R are rectangles just by looking
at them. So – (long pause) Okay, I think all can be because, if I’m remembering correctly, all
squares are rectangles? (this last word with stretched-out, exaggerated rising tone questioning)
Interviewer: So this is something you remember being told?
Student F6: Yes, but I’m not sure if I remember it or I’m mixing it up. ‘Cuz it’s either
all squares are rectangles or all rectangles are squares?
Interviewer: What does it take for something to be a rectangle? What does it take for
something to be a square?
Student F6: Yeah, that’s what I’m - that’s what I’m thinking about. So I think, if I’m
not mistaken, the answer is going to be A. (The correct answer)
After repeating a memorized phrase of “all squares are rectangles, (….)but not all
rectangles can be squares,” there is no mention of properties of either rectangles or squares. The
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next justification is from the visual recognition of level 1. “So I know for sure Q and R are
rectangles just by looking at them.” The final recourse appeals to the memorized phrase “Okay,
I think all can be because, if I’m remembering correctly, all square are rectangles?” The
memorized phrase, not logical application of properties, produces the answer.
This shows that a student can correctly answer a test problem by means of a memorized
phrase or remembered instructional example which the student applies to the problem without
activating the process-2 resources expected togo into producing that answer. This type of
response gives a false positive to the purpose of the problem: to indicate a certain level of
resource activation. Such responses represent a source of error in multiple-choice questions
beyond the accepted statistical probability of correctly guessed answers. These false positives
suggest one possible source of higher-level mastery scores after a “skip” in van Hiele levels, as
with this student F6.
Similarly, evidence from student F6 suggests that physics students may give a memorized
answer to a problem designed to elicit conceptual understanding. In FCI problem 15, with the
car pushing the truck, the student F6 again produces an answer from a remembered example.
FCI 15
Student F6: Umm, a large truck breaks down out on the road and receives a push back
into town by a small compact car shown in the figure below. While the car, still pushing the
truck, is speeding up to get up to cruising speed: (pause reading answers) I think it, number 15,
would be A (writes answer) because I remember somewhere example in physics lecture. (sic)
(this is the correct answer of equal and opposite forces)
The answer is correct, but the quote shows no indication of applying Newton’s Third
Law with conceptual understanding. The answer came from the memory of an example which,
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in the student’s mind, matched the problem. This puts the response on the level of an
authoritative cognit.
Level 2
The following interviews indicated students identifying individual classes of geometric figures
by properties but perceiving those properties as isolated and unrelated to the properties of other
classes of figures. These same students could also identify the components in a physics problem
relevant to solving that problem. Students F9 and F14 both scored 4 out of 5 or more on van
Hiele levels 1 and 2, indicating mastery at level 2, but scored 3 out of 5 or less on levels 3
through 5.
Student F9 showed a typical example of level 2 van Hiele thinking on vH 13. The
problem asks which of the three figures shown can be called rectangles.
vH 13
Student F9: Well. . . I’d say Q and R only because P is a square –. . .

And all its

sides are the same length, but Q and R both have..........two sets of sides.
Interviewer: Okay, and that leads you to answer ........ ?
Student F9: To E. (writes answer)
The student went beyond level 1 by citing properties of the class of figures. The
properties remain separated and the student didn’t see if the “two sets of sides (equal)” property
could apply to the square (P) as well. This leaves the response at van Hiele level 2.
The same student F9, on FCI 15, knew laws and terms which could apply to the problem
and decided which were relevant and which were not relevant.
FCI 15
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Student F9: But the car is accelerating here because it’s speeding up. So if the car is
accelerating that’s pushing the truck, Interviewer: It’s causing the truck….
Student F9: The truck’s accelerating too. ...... The only thing that, I guess, would combat
that now that I think about it, is the whole – you know, every force has the same or equal like
opposite force met with - so that would throw me off. But - that was something else that I was
just thinking about. . . .

For this one I would probably go with I just explained about, just F

equals ma.
Interviewer: Okay, and which answer would that best fit?
Student F9: That would - that would eliminate A and B – or that would eliminate A
because it’s saying that they’re equal. Which that would support what I said about equal force
opposite forces. So I would choose answer B, that the force that the car pushes on the truck is
smaller because it has the smaller mass and their acceleration is the same ....... So I would pick B
on that one. (writes answer)
The student tried to apply two different physics laws, Newton’s second and third. The
student could not appropriately interrelate the two laws and their underlying assumptions, which
would have shown level 3 thinking. The student could relate the same formula between two
objects, car and truck. By equating the accelerations and applying the F = ma formula, the
student arrived at an incorrect answer. The student decided that mass and acceleration were
relevant to solving the problem. That would be true if the problem concerned Newton’s 1st or
2nd Law. In this case the answer was incorrect because the student did not discern, through the
appropriate cueing and activation of a resource, that the forces being compared were acting on
two separate objects and did not make up a net force acting on a single object. The student failed
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to relate the problem to the correct law (3rd Law) within Newton’s Laws. That left this example
at level 2.
An interview example at van Hiele level 2 for student F14 came in responses on vH 12
and vH 13, dealing with triangles and rectangles respectively.
vH 12
Student F14: All right, two statements. ABC has three sides of the same length. So
that’s an isosceles – equilateral triangle. In ABC, angle B and C have the same measure. So
that’s an isosceles triangle. . . (Reading) Statement S and T cannot both be true. No, that is true.
I have to draw. . . . Okay. (Drawing) Same length. These are the same angles. A and B and C.
(Reading) Both are true. (Slow) If S is true, then T is true. Yes. If T is true, then S is true.
(softly) No. If S is false, Interviewer: Why is – why do you say that’s not true?
Student F14: C (pointing to answer C) isn’t true because you can have it look like
(drawing) THAT – and these are the same (drawing an isosceles triangle and pointing to the base
angles) but these two are longer than that one (indicating the sides). . . Uhm, (Reading) if S is
false, then T is false. No, because, again, you can have – three different lengths and still have
same measure. So the answer’s B.
vH 13
Student F14: Okay. Q and R are both rectangles because they have two sides are (sic)
the same (indicating the sides) and two sides are the same (indicating the other sides). (Pointing
to figure P) This is a square because all four are the same. (student answers E, that only Q and R
are rectangles)
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The student identified the figures in vH 12 and vH 13 by citing the properties for each
type. However, the student perceived the properties as isolated and unrelated from one figure to
another. There was no recognition that four sides being the same fit within the class of figures
with opposite sides being the same. Therefore both of these responses fit level 2 of van Hiele. In
vH 12 student F14 went on to make a level 3 statement and correctly answered the problem. In
vH 13 the student stayed with the level 2 statement and did not give the correct mathematical
answer of including squares as having the necessary and sufficient properties to be classed as
rectangles. This exemplifies how activation of resources can depend on the context of the
problem.
Level 2 appeared with responses made by student F14 on FCI 15 and FCI 25 dealing with
forces. FCI 15 asks the student to compare the two forces that two different objects (car and
truck) exert on each other, while FCI 25 asks for a comparison of two forces acting on a single
object (box) moving at a constant speed.
FCI 15
Student F14: So force of car on truck is smaller. No. No, because they’re both moving
this way (indicating to the right). So the force of – air resistance is less than – the force of
velocity – or whatever – going this way (indicating to the right). Would not be.
FCI 25
Student F14: The constant horizontal force applied by the woman; (starts drawing a
diagram with a square) the box. We have (continues drawing by adding an arrow to the right) –
that would be this way. (The student answered both problems incorrectly – See Appendix A.)
In both of these examples, the student identified that the relevant component of each
problem was the direction of the force and created symbolic images, emphasizing the relevance
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of the components, to help in solving the problems (level 2). Additionally, the student dismissed
non-relevant information as shown in the following response.
FCI 15
Student F14: (Reading answer D) The car’s engine is running, so the car pushes against
the truck, but the truck’s engine is not running so it cannot be pushed back on the car. That
doesn’t matter. No. Because there is still the force (indicating to the left) – like weight, mass
times gravity. (Reading answer E) Uhm, neither the car nor the truck (Answer E is dismissed
with a wave of the hand. Answer E states “neither the car nor the truck exert any force on the
other. The truck is pushed forward simply because it is in the way of the car.)– it’s either A or C.
(mumbles) My answer’s C. (Correct answer is A)
Answers A, B, and C only refer to comparing the push of the car on the truck and the
push of the truck on the car. The student recognized the non-relevant nature of the truck’s
engine and that being a reason for no push as a result (answer D) and dismissed that answer from
consideration since “there is still the force.” Similarly, the student’s dismissal of answer E
aligned with this argument’s justification that “there is still the force.” The dismissal of nonrelevant factors along with the emphasis of the relevant factors pointed to level 2 reasoning.
Level 3
The following examples at level 3 have the ordering and interrelating of properties on the van
Hiele problems along with identifying relationships between physics problem components on the
FCI problems. There are also the class inclusions indicated for van Hiele level 3geometry and
the informal logical arguments and implications for both geometry and physics at this level. At
this level on both van Hiele and the FCI, students apply theorems or laws only when their
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hypotheses (underlying assumptions) are met. Examples were taken from the interviews of
students F7 and F17.
Student F7 scored 5 out of 5 on van Hiele levels 1 and 2 and a 4 out of 5 on van Hiele
level 3. This clearly showed a van Hiele mastery at level 3 for student F7. Student F17 scored 4
out of 5 on level 1 and 5 out of 5 on level 3 but had only 3 out of 5 on level 2. While F17’s total
van Hiele score for all five levels was equal to student F7’s total van Hiele score, the skipped full
mastery score on level 2 suggested that student F17 would only perform at level 1. Despite this,
student F17 did answer all interview problems correctly and gave level 3 reasoning in every case.
This result supports the contention that the hierarchical aspect of the van Hiele may sometimes
fail, in agreement with Burger and Shaughnessy (1986).
Student F7 showed mastery of van Hiele level 3 on vH 12. Problem 12 on the van Hiele
test asks what relationship could exist between two statements about a triangle ABC. Statement
S says triangle ABC has three sides of the same length, and statement T says angles B and C are
equal. Does accepting one of the statements as true or false lead to a logical conclusion about
the other statement? Student F7 gave this response.
vH 12
Student F7: All right, so – uhm – triangle ABC has three sides of the same length. So I
know that A, B, and C are all going to be lines of the same length, of course. And then I know
that each corresponding angle – uhm – is proportionate to the size of the line. Uhm – so if A, B,
and C are all the same – the same length, then all angles that are –uh – opposite of those lines
will also be – uh – be the same measure. So I think both have to - (stops and reads) If S is true,
then T is true. So I think the answer is – (Student writes down B, the correct answer.)
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Student F7 gave a line of reasoning that led from the length of the sides, incorporated the
fact that the (sines of) angles opposite those sides are proportional, and ended with the
conclusion that if statement S is true, then T is true. The student logically ordered and
interrelated the properties in question. Though the student failed to correctly recall the
relationship depended on the sine of the angles, the overall argument exemplified van Hiele level
3 type reasoning.
Student F7 also showed level-3 reasoning on physics problems. In FCI 25, a woman is
exerting a constant force on a box as it moves at a constant speed across a horizontal surface.
The problem asks how the woman’s force relates to other variables such as weight and resistance
to the motion.
FCI 25
Student F7: All right, so she is exerting a force. There is a net force, so there may be
acceleration. Uhm – constant speed though, so that – that can go out the window. (softly) –
horizontal across the floor – (louder) I doubt they’ll mention anything about friction, but there
will be friction. (softly reading) – as the weight of the box – (louder) Now I know that – uhm –
according to one of Newton’s Laws, if there is – the – the natural state of things is that things
will naturally be moving at a constant speed. Uhm - If there is no net force, then it – then the
object will still move. So I think that if the woman – uhm – if the forces exerted on the box have
the same magnitude as the total force which resists the motion of the box, it’ll be moving at that
constant speed that we want. So I’ll go with C for my answer. (writes) (correct answer)
Student F7 not only recognized the physics terms relevant to the problem and the
underlying assumptions (the presence of friction), but adjusted any logical implications as more

60

information was added (cueing and activation of Newton's First Law), and, with an informal
argument, arrived at a logical consequence. This indicated level 3.
Student F 17 also operated at level 3 for van Hiele. Problem 12 in van Hiele asks for the
possible interrelationship between two given statements about a triangle ABC. Student F17 had
to decide if the acceptance or rejection of each statement led to the acceptance or rejection of the
other statement.
vH 12
Student F17: Oh, if it’s – A, B and C have the same length, then it’s equilateral. So that
means that all of them are 60 degrees. So B and C have to have the same (measure) – A, B and
C have to all be the same. So that means that if (statement) S is true, then (statement) T is true.
(correct answer)
In the above response, the student used a semi-structured argument to take the statement
of same length (sides) to recognize the class of equilateral triangles and, from there, to infer the
equality of the three angles (A, B, and C) as a property of equilateral triangles. This led to the
statement that angles B and C were the same and the correct answer.
Similarly to the manner in which van Hiele level 3 refers to a student’s ability to
“interrelate” properties, the FCI questions deal with identifying similarities or differences and
relationships between the physics problem components. The student’s ability to find connections
between previously known properties in geometry and problem components in physics can be
viewed as activating the same resource, as defined by Redish (2013), in the different discipline
of physics.
Student F17 demonstrated this in problem 20 in utilizing the interrelationship between
position, time, and acceleration which is required to arrive at the correct response.
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FCI 20
Student F17:So, 20 is D and my thought process is they’re all at equal distance - for
block a -they’re all at equal distances from each other at that certain time frame. So that means
there’s no acceleration and the same goes with b. And regardless of – what’s it called? - the
distance between them – they’re all constant. So that means zero acceleration. So D for 20.
Student F17, in solving FCI 25, showed an understanding of the interrelationship between
constant speed, acceleration, and force with the following response. (The problem seeks the
relationship between an applied force and the forces of weight and resistance.)
FCI 25
Student F17: Okay, so 25 – my thought process is – so C: has the same magnitude as the
total force which resists the motion of the box. So, that’s because – it says ‘at a constant speed’,
so it’s not accelerating. So since it’s at a constant speed, there is no net force. So that means –
that the magnitude of one way (gesture to the right) has to be the same magnitude as the other
way (gesture to the left). (correct answer)
The student presented a structured argument starting with the given information of
constant speed and ending with the logical conclusion that there must be no net force. There was
an implicit acknowledgement that the forces involved were tied to the motion of the box and thus
the problem fit into the category of Newton’s First or Second Law. This open acknowledgement
on the part of the student here was a contrast to the implicit acknowledgement shown in FCI 15
where the forces being compared were on two interacting objects and thus fit into the category of
Newton’s Third Law. The mention of “one way” and the ``other way” (along with hand
gestures) showed that the vector property of forces was recognized, which also eliminated the
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student’s consideration of weight as critical to the problem since it was perpendicular to the
direction of motion and excluded by rules of vector addition.
Level 3 on the van Hiele scale also posits that “Logical implications and class inclusions
are understood and recognized” (emphasis added). Student F17 showed this level 3 thinking on
vH 14 with the following response.
vH 14
Student F17: So 14 is A because - a rectangle, or a square is a rectangle, but a rectangle
isn’t necessarily a square. So that means that the rectangle – its general principles aren’t exactare – they’re more general and square’s just – a specific example of a rectangle.
Student F17 recognized the inclusion of the square in the class of rectangles by stating
that it is a specific example of a rectangle. The unstated inference was that a square has the
necessary properties to be included in the class as a rectangle which led to the correct answer.
In FCI 15, student F17 implicitly used similar level 3 thinking and classified the question
under Newton’s Third Law. The implicit classification came in the way the student stated the
forces’ actions.
FCI 15
Student F17: So 15 is A because there always has to be an equal and opposite force. So
if the car’s pushing one way and [sic] the truck has to be pushing in the opposite direction, but
the same exact magnitude.” (correct answer)
The two objects’ directions of motion were stated separately leading to the implication
that the forces were perceived as distinct to each object. This led to the correct classification of
the problem as being under Newton’s Third Law and acknowledging that the acceleration
(pushing up to cruising speed) was a non-critical factor.
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Inconsistent Activation of Resources
Across the interview sample, the student responses were not always consistently on the same
level from van Hiele problems to FCI problems. One study of van Hiele levels concluded that
students could be on different levels for different concepts (Mayberry 1983). These results were
confirmed in a later study (Burger & Shaughnessy 1986). Such inconsistent resource activation
shown in van Hiele problems aligns with Hammer, Elby, Scherr, & Redish’s (2004) results in
physics, finding that activation of resources in conceptual physics depends on context. Hammer,
Elby, Scherr, & Redish found that “The students [responses] are systematically inconsistent:
subjects’ reasoning is reproducible and locally coherent, but sensitive to the difference in context
between the two situations.” With inconsistent resource activation within a discipline, it is not
surprising to see evidence of inconsistent resource activation between disciplines. This
commonality was another example of similar process-resource activation across the two
disciplines. Examples for this were found in student interviews S10 and F19.
Student S10 had a “skip” in van Hiele level 2, scoring only 3 out of 5. The student
scored 5 out of 5 and 4 out of 5 on van Hiele levels 1 and 3 respectively. Student S10 correctly
answered all three level 3 van Hiele problems presented in the interview. All justifying
responses were consistent with the definition of level 3 processes. In this case the performance
of student S10 on the level 3 van Hiele problems contradicted the strictly hierarchical assumption
of the model. This result aligns with Mayberry’s (1983) finding of different levels of ability for
different concepts on the van Hiele.
vH 12
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Student S10: For number – uhm – 12 it says triangle ABC has three sides of the same
length, so it’s an, I think it’s, an equilateral triangle. So that would mean that all the angles; A,
B, and C, have the – uhm - same measures of B and C having the same measures correct. So –
uhm – if statement S is true, then T is true. (correct answer)
vH 13
Student S10: A rectangle – uhm – is – uhm – when it has two – uhm – sets of sides that
are equal to each other, but has to be four sided. So – uhm – all squares are rectangles, but not
all rectangles are squares. So this looks to be a square, but it’s also a rectangle? So I’d say P, Q,
and R are all rectangles. (correct answer by the convention of the test)
Student S10 then had momentary confusion on vH 14 due to the word order difference
between the remembered rule of inclusion and the statement in the problem.
vH 14
Student S10: So wait. The way that it’s reading here, it’s saying all properties of
rectangles are properties of all squares. Uhm, what I was saying earlier is all squares are
rectangles, yet not all rectangles are squares.
Interviewer: So squares have all the properties of a rectangle, but not all rectangles have
all the properties of squares?
Student S10: Squares. So, okay, correspond to A.
The reversed word order was enough of a contextual change to confuse the student as to
which class of figure was included in the other class. Only when the statement of the problem
was reworded, by the interviewer, in the same word order as the memorized property statement
did the student recognize the equivalence and chose the correct answer. Context again plays an
important role in choosing a resource.
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This same student correctly answered only one level 3 FCI problem, which dealt with a
graphic representation of positions for two boxes over time and asked to compare the separate
accelerations.
FCI 20
Student S10: I’m – uhm – seeing exactly how far they traveled per .2 second time
interval – and uhm. Looks like neither one of them has acceleration. . . That (indicating the
distances travelled) leads to constant velocity. So it’d be – D. (writes answer) Yeah, because as
they – as the .2 second time intervals are passing, they’re – uhm – gaining the same – the same
amount of - of distance from the previous point.
Here, even though the objects were shown to cover different distances in the same
amount of time, the student ignored that difference and recognized that only the comparison of
the distances for each box separately at different times was relevant to acceleration.
The other two FCI problems in the interview dealt with comparing forces. The student’s
responses on the accelerating car and truck (FCI 15) focused on the motion and did not
acknowledge that the forces were on different objects.
FCI 15
Student S10: I’d say the amount of force with which the car pushes on the truck is
greater than that with which the truck pushes back on the car because it looks as though there’s
motion moving forward. (leading to an incorrect answer)
On the FCI 25, comparing forces in which an object moves at constant speed, student F10
spoke at one point of the forces possibly being equal (the correct answer), but defaulted to the
following opinion.
FCI 25
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Student S10: The force applied by the woman is greater than the total force which resists
the motion of the box. Uhm – because if it were equal to, then there wouldn’t be any motion of
the box.” (leading to an incorrect answer)
Both these responses conform to the p-prim that continued motion requires a force to be
present (DiSessa 1993).

Even though student S10 had shown level 3 logic in all three of the

van Hiele problems and in one of the three FCI problems used in the interview, the context of the
other two FCI problems led to the student activating resources which were consistent with the
student’s framing of the problem (Redish 2013, Hammer, Elby, Scherr, & Redish 2004) as one
calling for the application of Newton’s Second Law, but this framing did not lead to the correct
answer. In a FCI problem set in a different context, student S10 had consistently answered a
Third Law problem correctly (FCI 4) on both the pre-instruction and post-instruction testings. In
that problem the small car and large truck meet head on. This showed that, in a different
context, the student could appropriately cue a resource for identifying a situation dealing with
Newton’s Third Law and activate a resource for applying Newton’s Third Law. The context of a
head on collision seemed to be key to cueing Newton's Third Law applicability to this student.
This result was consistent with Hammer, Elby, Scherr, & Redish’s (2004) finding of contextual
dependence of resource activation.
Student F19 had van Hiele scores of 5, 4, 4, 2, and 2 on levels 1 through 5 respectively of
the van Hiele. This result shows mastery up through level 3. Student F19 correctly answered all
three van Hiele problems showing level 3 reasoning but answered only one of the FCI problems
correctly. The interview transcripts pointed to several possible factors for this inconsistent
activation of higher-level process resources.
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Student F19 showed clear level 3 van Hiele responses on all three vH problems during
the interview. In vH 13 student F19 defined properties of a class of figures (rectangles) and
arrived at the correct answer by class inclusion. This clearly shows level 3 of van Hiele.
vH 13
Student F19: “Which of these can be called rectangles?" A- all can. Well, I’m gonna
have to go with A – all can because they all have four sides, they all appear to have 90 degree
angles in each corner. And properties of rectangles are that they have four sides and, uh, four
right angles. So – pretty much narrows out all the other options.
The student enumerated properties for rectangles, compared the properties of the figures,
and concluded that squares met those properties. This succinct and logical approach evidenced
van Hiele level 3.
Conversely, student F19 got only one of the FCI problems correct in the interview.
Student F19 showed confusion about net force and vector addition on FCI 15 and FCI 25.
FCI 15
Student F19:…..A – the amount of force with which the car pushes back on the truck is
equal to that with which the truck pushes back on the car…? Uh, well it’s speeding up, so the
forces can’t be equal. Uhm – let me read. . . (mumbles) …. So – if every action has an equal
and opposite reaction which means the truck is pushing back, but since it is travelling in the
direction of the car that would mean that the force of the truck must be less than the force of the
car since it’s moving in the direction of the car. So, A cannot be true. (…….) The amount of
force with which the car pushes on the truck is greater than that with which the truck pushes back
on the car..? Uhm, I would say that’s the answer. (Writes C) (C is an incorrect answer)
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When student F19 stated “well it’s speeding up, so the forces can’t be equal”, the student
equated the two forces as being the net force in an inappropriate activation of Newton’s Second
Law. A moment later the student actually quoted Newton’s Third Law (which leads to the
correct answer), but that was rejected with the justification that the vehicles are moving, and “net
force,” as the student understood it, must be in the direction of the motion. That line of argument
showed with the response “since it is travelling in the direction of the car that would mean that
the force of the truck must be less than the force of the car since it’s moving in the direction of
the car.” The student’s momentary activation of Newton’s Third Law succumbed to the more
reliable resource of Newton's Second Law requiring a net force in this context.
Student F 19 also showed confusion of concepts and conflicting resources in answering
FCI problem 25.
FCI 25
Student F 19: The constant horizontal force applied by the woman: A - has the same
magnitude as the weight of the box (uplifted questioning tone at the end of the sentence). That
wouldn’t be true because then the box would not move because the forces would be equal. Uhm,
it would have to be greater than the weight of the box because she’s moving it. It overcomes the
weight-force of the box. Uhm, (lower voiced) There could be other forces involved. She(sic)
“has the same magnitude as the total force which resists the motion of the box”(uplifting
questioning tone again). . . I’m sorry I have to read this three times.
Interviewer: Conflict? What’s the conflict?
Student F 19: Uhhhhm . . I. . .I’m just not interpreting the question right. I don’t know.
Uhm, so it “has the same magnitude as the total force which resists the motion of the box.” That
one can’t be true. I don’t know why. I just know that one’s not true. Uhhm . . . Yeah. Is greater
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- D –“ is greater than the total force which resists the motion of the box.” Uhhm . . (pencils goes
one way across the question information, stops, then goes the other way, stops, scans through the
question information again) Uh, nooo. D is not correct because – uhm ..(murmurs) greater than
the total force. . . Yeah, so if uh the force is greater – oh, it could be D because if the force is
greater than any force which resists the motion of the box that would mean that it overcomes the
force required to move the box. Uhm, so. . . Oh, it wouldn’t be weight because there are other
forces involved so B would not be correct – frictional forces. Uhm, is greater – E – “is greater
than either the weight of the box or the total force which resists its motion.” I’m going to have to
go with E because it includes both factors of force - the box – it includes all components of force.
(writes down the incorrect answer E) Is that the right answer?. . . I hope.
Student F19 reread the sentences multiple times. When speaking of the forces involved,
the student said “it overcomes the weight-force of the box.” This could have been a confusion of
static friction versus kinetic friction, even though the student had repeated earlier that the box
was in motion. Lack of separation of these two resources related to friction would explain the
confusion at that point and could indicate a lack of definitive resource to differentiate the two
frictions or the failure to activate a process-2 resource to resolve the conflict involving friction
definitive resources.
Student F19’s confusion with friction force, the net force, and vector addition also
appeared in this quote from the FCI 25 responses. The student incorrectly set two forces from
orthogonal axes as equilibrating each other: “weight-force” of the box (vertically acting on a
horizontal surface) and horizontal force applied by the woman. The student also showed
evidence of a p-prim with this statement from the same problem “Uhm, so it has the same
magnitude as the total force which resists the motion of the box. That one can’t be true. I don’t
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know why. I just know that one’s not true.”This example of intuitive, p-prim knowledge, once
activated, proved reliable enough to trump all other resources in working through the physics.
The last justification stated by the student, “I’m going to have to go with E because it
includes both factors of force - the box – it includes all components of force,” showed the
student’s cueing and activation of a resource which identified that net force must consist of all
components. The student knew that force consisted of “components” but did not show cueing
and activation of a resource that identified that orthogonal components required separate
summation.
Student F19 showed, in these two FCI problems, two separate factors that can interfere
with the correct activation of resources to a problem. The first impediment was a strongly held
p-prim resource overpowering appropriate resource cueing and activation. The second area
involved the conflict of resources, which was not resolved by activating a Process-2 analytic
resource.

These factors formed the basis for student F19’s incorrect answers to two FCI

interview problems.
DISCUSSION
The aim of this paper was to apply the first three levels of the van Hiele scale of geometric logic
and the resources framework to student responses on both van Hiele and FCI problems. We
examined student responses for similarities and differences which could come from this
comparison and a synthesis of the two approaches.
Together, the two models focus on the definitive resources and process resources at each
level required of the student to solve a problem. Similar cuing of those levels appeared in
student responses. Student interviews produced evidence supporting the claim of similar
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resource activation used in both sets of problems but also gave examples of factors impeding
students’ appropriate use of resources. The majority of those impediments came in level-1
responses, and the resources framework gives a structure for interpreting them.
The visual recognition in level-1 of van Hiele originates in resources acquired prior to
instruction in formal geometric properties of figures (Burger & Shaughnessy 1986). Prior to
instruction, the recognition of various classes of geometric forms comes from the generalization
of everyday items whose shapes have all been similarly identified as examples of that class
(Senk 1989). No justification is usually given. On occasion a student may confirm the
identification of the class by naming an everyday example.
vH 13 (which figures can be classified as rectangles?):
Student S16: Uh, I gonna put Q and R only ‘cuz I know P is a box.
This “box” response aligns with the justification described in van Hiele level 1. In this
case the level-1 resource led to an incorrect response on problem 13 since that problem should
require a level-3 van Hiele response to arrive at a correct answer.
In physics, the intuitive knowledge, or resources, of motion and force acquired prior to formal
instruction has been found to involve primitive structures such as p-prims (DiSessa 1993) and
authoritative cognits (Redish 2013). P-prims lack logical or authoritative justification, since they
are generalizations from daily personal experience. Examples from student interviews in this
study for this type of justification include the following: “That can’t be true -- I don’t know
why”, “I have this gut feeling that it could be . . .”, or “It just seems right”. Such responses
clearly align with DiSessa’s definition (1993)and were clear indications of p-prims. Such
responses also appeared at level1 on the van Hiele scale. In this study, p-prims repeatedly
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diverted students from correct answers. Student activation of p-prim resources has been proven
to resist change, even after formal physics instruction (Brown 1989).
Another resource identified in physics education research, similar in size to a p-prim, is
the authoritative cognit (Redish 2013). An authoritative cognit’s strength depends on the
student’s belief in the credibility of the source. This source is usually involved in formal
instruction. The cognit may, or may not, involve physics terms or laws. The remembered
authoritative example may simply supply an answer to what appears, to the student, to be an
identical situation. The authoritative cognit may be correct or incorrect, depending on the
student’s recalling the information correctly, applying it correctly, and whether the authority was
correct or not. An example of this was given in FCI problem 15 by student F6, who said, “
because I remember somewhere example (sic) in physics lecture.”The remembered example
from an authoritative source allowed the student to correctly answer the problem in question.
This exemplified a false positive response to the problem which was designed to require at least
level-3 reasoning. Though false positives on the FCI questions were relatively rare, according to
Hake (1998), the frequency of false positives depends on the alignment of specific instructional
examples with individual FCI problems.
A small resource structure, attributable to an authoritative source, also appeared in van
Hiele responses. In the van Hiele problem 13, student F6, along with four other students, quoted
a nearly identical phrase of “a square is a rectangle, but a rectangle is not always a square.”
These five students came from five different lab groups, two different terms (spring and fall),
and three different class levels (freshman, junior, and senior). Such diverse backgrounds
suggested a general use of the phrase in prior geometry instruction. Since there was no
acknowledgement of properties in the statement, this showed only a level 1 van Hiele process.
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Applying this statement, the students correctly answered problem 13. However, problem 13 was
designed to show a student operating at level-3 of van Hiele, recalling properties and relating
those properties across classes of figures. These actions led to false positives for problem 13 on
level-3 of van Hiele for those five students. Similarly to physics, the frequency of false positives
of this type depended on the alignment of specific instructional examples with individual van
Hiele problems.
Thus, students showed the tendency to activate similar small, basic elements, p-prims and
authoritative cognits, in answering both van Hiele and FCI questions. Instructors need to be
aware that these small resources may take a student’s response away from a correct
understanding (p-prim) or supply a correct response when there is no indication of understanding
(authoritative cognit). In both cases, a single multiple-choice question fails to give instructors
accurate information as to the level of student understanding.
As noted, p-prims and authoritative cognits can prevent a student from cueing and
keeping activated the appropriate process resource in a given situation or context. The inability
of individual students to cue the correct level of process resource, though, does not invalidate the
comparison ofvan Hiele to the FCI. The examples given earlier in the Analysis Section suggest
that, in the absence of conflicting resource activation, comparable resources were successfully
activated in solving both van Hiele and FCI problems.
The van Hiele and resources framework have complementary features. The van Hiele
theory can identify the levels of resources activated in FCI responses, and the resources
framework in physics can explain the “skips” in the van Hiele theory of hierarchy due to context
and students’ perceived reliability of activated resources. Hammer (2000)speaks of raw
intuition, tied to p-prims and cognits, which, with appropriate activation of resources, can lead a
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student to work through logical implications, an idea that we have seen now in both the physics
and the geometry contexts.
A study by Sharp and Zachary (2004) showed positive results in the use of the van Hiele
model to raise students’ ability to correctly solve problems in an engineering mechanics course.
They also only focused on the first three levels of the van Hiele theory and used lectures,
activities, and homework developed to promote student use of analysis and then informal
deduction based on the van Hiele theory. They monitored student progress by listening to
student answers and reasons for those answers. In their approach to helping students gain greater
conceptual knowledge, Sharp and Zachary stated
“Mentally accessing concept information requires students [to] remove themselves from
the context. That is, to isolate the important information from the context of the problem
and use it to solve the problem requires strong concept knowledge. When learners can
generalize past a specific context, it can then be assumed they have developed sound
concept knowledge.”

Thus Sharp and Zachary’s approach paralleled the theoretical background of ours, with initial
generalization leading to larger and larger associated networks of resources all under more and
more abstract common aspects. Each stage in the process takes the student’s framing of a
problem farther away from merely recognizing concrete examples and more into recognizing
abstract relationships as essential resources.
CONCLUSION
Responses from students’ interviews showed a comparable level of logical evaluation of
conflicting resources used by the same student on both van Hiele and FCI problems. Similarly,
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on both van Hiele and FCI, inappropriately applied resources often remained activated due to
students’ use of a lower level of process resource. At Process Level 1, the conflict between
resources was then resolved merely by students’ greater perception of reliability in a particular
resource, not logical analysis. Inconsistencies of cueing and activation persistence in both vH
and FCI responses, attributable to context differences as shown in physics education research
(Hammer, Elby, Scherr, & Redish 2004), did occur.
We were able to adapt van Hiele’s description of geometric-reasoning levels to FCI
questions in physics. Level-1 reasoning for geometry focuses on the surface, or visual,
recognition of geometric figures, with no acknowledgement of necessary properties. Level-1
reasoning for physics focuses on the surface recognition of physics-related problem conditions or
variables, with no acknowledgement of necessary underlying necessary assumptions. Level-2
reasoning for geometry deals with analyzing components of figures and perceiving properties of
classes of figures, but properties are only related within the class of figures. Level-2 reasoning
for physics deals with analyzing conditions or variables of a problem, but only relating those
within a single physics law or equation. At level-3 geometric reasoning, properties from separate
classes of figures are interrelated with informal arguments, and logical implications are
recognized. At level-3,physical conditions from different laws are interrelated, and logical
implications are recognized with informal arguments.
Though the declarative knowledge resources of each discipline are different (geometric
properties and rules versus basic physics terms and laws), the process resources exhibited in the
examples appear similar at the first three levels of the van Hiele model. Lack of specific
discipline information or contextual differences can prevent students from activating similar
logical resources in different disciplines. Although college students may have operated at a
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higher van Hiele level previously, research showed that students regress in their van Hiele level
after leaving high school (Burger & Shaughnessy 1986). Further qualitative research using these
two models and problem sets is needed to explore the extent to which other factors interfere with
students’ ability to gain understanding of conceptual physics and to develop strategies to mitigate
such factors.
Conceptual physics, specifically the ideas tested in the FCI, and high-school geometry
both demand of the student a certain level of abstraction beyond the first and second stages.
Inappropriate activation due to a given context can be ameliorated when students develop higher
levels of abstraction. The van Hiele theory has led to teaching strategies (van Hiele 1986) that
have proven effective in guiding students in advancing from one level to another (Mayberry
1983, Aydin & Halar 2009, Abdullah & Zakaria 2013).
What improvement to pedagogical approaches could come from this information? Using
the resources framework, pedagogical advances in conceptual physics may come by involving
instructional methods derived from van Hiele studies in curriculum planning and instruction.
The study by Sharp and Zachary showed van Hiele teaching strategies increasestudents’ ability
to correctly answer problems in an engineering mechanics course (Sharp & Zachary 2004).
Phase Based Learning (Abdullah & Zakaria 2013) was shown effective in raising van Hiele
levels of students and could be studied in relation to raising students’ conceptual physics levels.
Students who already have reliable activation of geometric process resources could develop cues
to activate those resources in dealing with the appropriate physics concepts. Instructors could
then frame instructional models using a wider set of examples across disciplines designed to
increase the contextual range in which students successfully apply their resources to a greater
conceptual understanding of physics
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Chapter 4:
Newton’s Third Law Confusion
Necessary and sufficient. That is all that is needed to let students know whether or not to
apply Newton’s Third Law.
The Problem
Newton’s First and Second Law apply according to the net force applied to a single object.
There are times when the net force is zero, when the forces are in equilibrium. In that case
Newton’s First Law applies. If the net force is not zero then Newton’s Second Law applies. The
trouble comes when students identify the first case (equilibrium) with the equal and opposite
forces spoken of in Newton’s Third Law. The conditions around Newton’s Laws haven’t been
clearly understood by the student.
One helpful instructional technique has been the “agent-object” method (Hughes 2002).
Here the cause of the force is labeled an “agent” and the item receiving the force is called the
“object”. My teaching experience as well as my work in physics education research has shown
that, in many word problems, the students in algebra-based introductory classes do not create a
free body diagram and thus fail to differentiate when forces are on different items. This
experience is corroborated by another recent study (Lutz, Sulvester, Oliver and Herrington
2017). When high school students and first year non-physics majors fail to differentiate when
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forces apply to the same body or different bodies, they do not acknowledge a key underlying
property, or condition, inherent in the stated problems.
In mathematics, and especially in algebra and geometry, an operation or proof depends
on students’ knowledge and correct application of all properties and conditions involved in the
equation or figure. The distributive property of algebra works well with addition and
multiplication. For example, a(b +c) = ab + ac. The distributive property doesn’t work as well
in a case with addition and exponential operations. For example, (b+c)1/2≠ b1/2 + c1/2. The
distributive property does work in a case with scalar multiplication and exponential operations.
The example here is (b•c)1/2= b1/2•c1/2, which is true.
In geometry, if a figure is proven to conform to certain properties or conditions, it is
proven to fit a definition. For example, if a figure consists of four line segments all in the same
plane, but not collinear and having only the endpoints as common points shared between
segments, whose end points are each connected to one and only one other end point of another
line segment, then the figure can be called a quadrilateral. If three of the created angles of the
figure form right angles, then the figure can be called a rectangle. These conditions are each
necessary for a figure to be a rectangle. Together these conditions are sufficient for the figure to
be a rectangle.
In a similar vein there are conditions to Newton’s Laws of Motion which are not stressed
enough to the students. The First and Second Law are only true when dealing with one object
and the net forces on it. Both conditions are necessary and together they are sufficient for the
student to apply either Newton’s First or Second Law. (In honesty, the First Law is just a special
case of the Second Law in which the net force is zero.) There are other conditions to correctly
applying these laws which entail the proper use of vectors and vector addition. Of course, the
82

unspoken limiting conditions to appropriately apply Newton’s Laws require that all speeds be
considerably less than the speed of light and that all quantum interactions have no appreciable
effect.
Newton’s Third Law has a condition which must be satisfied for it to be applied. The
two forces deemed to be equal and opposite MUST involve only two and only the same two
objects. Once this condition is satisfied, Newton’s Third Law holds true no matter what other
conditions of motion exist. The objects may be stationary, in uniform linear motion, or
acceleration. Too often students want to apply Newton’s Third Law correctly, but change their
minds if the two objects in questions change their state of motion. They must come to realize
that once the condition is satisfied that the forces in question are between only two and the same
two objects, those forces always obey Newton’s Third Law.
A Possible Solution
A key difference between Newton’s First and Second Laws and Newton’s Third Law lies in the
number of free body diagram bodies involved. The First and Second Laws deal with the forces
on one body. The Third Law compares the forces shown on two bodies (Figure 4.2).
Conventionally, the forces acting on a body appear as arrows originating from the point
representing the object. In the case of an object in equilibrium, an example would have arrows
of equal magnitude in opposite directions (Figure 4.1).

Object A
Object E

Object D

Figure 4.1
Figure 4.2
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This should be contrasted with an example of Newton’s Third Law, such as shown in
Figure2. Of course, an instructor must show multiple examples with different orientations and
lengths. The key point to emphasize is the contrast of one body in the diagram for equilibrium in
Newton’s First Law and the two bodies for Newton’s Third Law.
As added emphasis, make sure that students label both the object the force is acting on
and the agent the force is originating from. One convention is mentioning the agent and then the
object (i.e. FA on B would indicate agent A is applying a force to object B). This is shown in
Figures 4.3 and 4.4 below.
Object E

Object A

Figure 4.3

Object D

Figure 4.4

Emphasis should be made that the First Law example (figure 4.3) has both forces ending
with the same object. The Third Law example (figure 4.4) repeats the same agent-object pair
with the labels reversed as to which is the agent and which is the object. For added clarity,
student can be encouraged to use their own manipulatives with objects which they have on hand.
Emphasizing that the same concept of necessary and sufficient conditions from
mathematical theorems can apply to proper use of Newton’s Laws of Motion may have the
added benefit of opening students awareness of how their knowledge in one context may be
effective in a different context. This may only be true, of course, if underlying assumptions and
conditions are acknowledged and met. Involving students in such metacognitive actions has
been found to increase their ability to learn, and apply, physics (Thomas 2013, Novia, Kaniawati,
Rusli and Rusdiana (2019).
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Appendix A: Student Data
Table A1. Demographic and test data on interviewed students
Stud.
#

Gender
*

Ethnicit
y*

F1

F

F2

F

F5

M

F6

F

F7

M

F8

F

F9

F

S10

M

F13

M

F14

F

S16

F

F17

M

F18

F

F19

M

W
nH
W
nH
W
nH
B
nH
B
nH
W
nH
W
nH
W
nH
B
nH
W
nH
W
nH
W
nH
W
nH
W
nH

FC
I
20
(D)
B

FC
I
25
(C)
B

SAT
Total
(1600)

ACT
Total
(144)

B

FC
I
15
(A)
B

1100

105

A

A

A

D

C

1090

-

B

E

C

C

C

C

-

87

4

B

A

D

A

C

A

1200

101

5

4

B

A

A

C

D

C

1500

125

5

2

5

B

E

C

A

D

D

-

139

5

5

3

B

E

B

D

D

-

121

5

3

4

B

A

C/
D∗∗
A

C

D

D

1250

-

5

4

2

B

E

D

A

A

D

920

90

4

5

2

B

E

B

C

C

D

1240

117

3

3

1

B

E

D

B

A

D

-

103

4

3

5

B

A

A

A

D

C

1480

-

4

3

5

B

A

A

B

C

B

1210

122

5

4

4

B

A

A

C

D

E

1170

-

V
H
1
(5)
4

V
H
2
(5)
4

V
H
3
(5)
5

vH
12
(B)

vH
13
(A)

vH
14
(A)

D

A

5

4

3

B

5

3

1

3

4

5

The F or S letter preceding the student number indicates whether they were part of the fall
or spring class. The three VH columns give total scores for that level of the van Hiele.
The numbers in parenthesis indicate the highest possible score for a vH level, SAT total, or
ACT total. The letters in parenthesis for the individual vH and FCI questions indicate the
correct answer to that problem. These columns show the students’ vH and FCI responses
during the interviews. For ethnicity: W = white, B = black, nH = non Hispanic. *(self
identified) ∗∗Student F9's answer to vH 14 was BOTH C and D.
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Table A1 shows details from each interviewed student. The first three columns are separate
scores for the first three van Hiele levels taken from a complete van Hiele test administered in a
sit-down venue earlier in the term. The next six columns indicate student’s answers for the
problems during the individual’s interview. The number at the head of the column gives the
number assigned to that problem in the van Hiele test or in the FCI. The SAT/ACT total scores
are taken from student records. Gender and ethnicity are by student self identification.
The diversity and range of the sample depended solely on which students volunteered to
participate in the interview process resource. The sample diverged from the overall student
population of the university in the lack of any students self-identifying as Hispanic.
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Table A2. FCI and vH test data on interviewed students prior to interviews
Stud. FCI
vH
#
Gain level

FCI 15

FCI 20

FCI 25

(A)

(D)

(C)

pre

post pre

post pre

vH 12
(B)

vH 13
(A)

vH 14
(A)

post

F1

.115

3

B

B

A

A

B

C

B

A

A

F2

.136

2

C

A

D

D

B

D

A

A

A

F5

-.111

1

C

A

C

A

E

D

C

E

E

F6

.042

0

D

A

A

C

C

A

D

A

A

F7

.563

3

C

A

D

D

B

C

B

A

B

F8

.455

1

C

A

B

D

C

D

B

A

A

F9

.130

2

C

A

A

D

D

D

B

E

E

S10

.450

1

B

B

D

C

D

D

B

A

E

F13

0.00

2

B

C

C

A

B

C

B

E

E

F14

.050

2

A

C

C

E

D

E

A

E

E

S16

.207

0

C

D

C

A

E

D

B

E

B

F17

.455

1

C

A

D

D

D

C

B

A

A

F18

.048

1

C

C

C

D

D

D

B

A

A

F19

.111

3

A

C

C

C

D

B

B

A

A

Data from tests administered prior to the interviews. The FCI was given twice, first
prior to instruction and then at the end of the term. The vH test was given only
once during the term. The correct answers for the FCI and vH problems are given
in parentheses.
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